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Abstract 

We introduce C* -pseudo-multiplicative unitaries and concrete Hopf C*-bimodules 
for the study of quantum groupoids in the setting of C*-algebras. These unitaries and 
Hopf C*-bimodules generalize multiplicative unitaries and Hopf C* -algebras and are 
analogues of the pseudo-multiplicative unitaries and Hopf-von Neumann-bimodules 
studied by Enock, Lesieur and Vallin. To each C*-pseudo-multiplicative unitary, we 
associate two Fourier algebras with a duality pairing, a C* -tensor category of repre- 
sentations, and in the regular case two reduced and two universal Hopf C*-bimodules. 
The theory is illustrated by examples related to locally compact Hausdorff groupoids. 
In particular, we obtain a continuous Fourier algebra for a locally compact Hausdorff 
groupoid. 

1 Introduction 

Multiplicative unitaries, which were first systematically studied by Baaj and Skandalis 
ID, are fundamental to the theory of quantum groups in the setting of operator algebras 
and to generalizations of Pontrjagin duality |36|. First, one can associate to every lo- 
cally compact quantum group a multiplicative unitary Ll_5, 16 , 21 1. Out of this unitary, 
one can construct two Hopf C*-algebras, where one coincides with the initial quan- 
tum group, while the other is the generalized Pontrjagin dual of the quantum group. 
The duality manifests itself by a pairing on dense Fourier subalgebras of the two Hopf 
C*-algebras. These Hopf C*-algebras can be completed to Hopf-von Neumann alge- 
bras and are reduced in the sense that they correspond to the regular representations of 
the quantum group and of its dual, respectively. Considering arbitrary representations, 
one can also construct out of the associated unitary two universal Hopf C*-algebras 
with morphisms onto the reduced ones. In the study of coactions of quantum groups 
on algebras, the unitary is an essential tool for the construction of dual coactions on 
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the reduced crossed products and in the proof of biduahty f3l which generahzes the 
Takesaki-Takai duahty. 

Much of the theory of quantum groups has been generalized for quantum groupoids 
in a variety of settings, for example, for finite quantum groupoids in the setting of 
finite-dimensional C*-algebras by Bohm, Szlachanyi, Nikshych and others |5 6 7 23 
and for measurable quantum groupoids in the setting of von Neumann algebras by 
Enock, Lesieur and Vallin fTOl [TTl [121 [191 . Fundamental for the second theory are 
the Hopf-von Neumann bimodules and pseudo-multiplicative unitaries introduced by 
Valhn |[37l[38l. 

In this article, we introduce generalizations of multiplicative unitaries and Hopf 
C*-algebras that are suited for the study of locally compact quantum groupoids in the 
setting of C*-algebras, and extend many of the results on multiplicative unitaries that 
were obtained by Baaj and Skandalis in f3l. In particular, we associate to every regu- 
lar C*-pseudo-multiplicative unitary two Hopf C*-bimodules and two Fourier algebras 
with a duality pairing, and construct universal Hopf C*-bimodules from a C*-tensor 
category of representations of the unitary. The theory presented here was applied al- 
ready in [30] to the definition and study of compact C* -quantum groupoids, and will 
be applied in a forthcoming article to the study of reduced crossed products for coac- 
tions of Hopf C* -bimodules on C*-algebras and to an extension of the Baaj-Skandalis 
duality theorem; see also |32|. 

Our concepts are related to their von Neumann-algebraic counterparts as follows. 
In the theory of quantum groups, one can use the multiplicative unitary to pass be- 
tween the setting of von Neumann algebras and the setting of C*-algebras and thus 
obtains a bijective correspondence between measurable and locally compact quantum 
groups. This correspondence breaks down for quantum groupoids — already for or- 
dinary spaces, considered as groupoids consisting entirely of units, a measure does 
not determine a topology. In particular, one can not expect to pass from a measurable 
quantum groupoid in the setting of von Neumann algebras to a locally compact quan- 
tum groupoid in the setting of C* -algebras in a canonical way. The reverse passage, 
however, is possible, at least on the level of the unitaries and the Hopf bimodules. 

Fundamental to our approach is the framework of modules, relative tensor products 
and fiber products in the setting of C*-algebras introduced in lISTI . That article also 
explains in detail how the theory developed here can be reformulated in the setting of 
von Neumann algebras, where we recover Vallin's notions of a pseudo-multiplicative 
unitary and a Hopf-von Neumann bimodule, and how to pass from the level of C*- 
algebras to the setting of von Neumann algebras by means of various functors. 

The theory presented here overcomes several restrictions of our former generaliza- 
tions of multiplicative unitaries and Hopf C* -algebras |34|; see also |[33l . 

This work was supported by the SFB 478 "Geometrische Strukturen in der Mathe- 
matik'Q and initiated during a stay at the "Special Programme on Operator Algebras" 
at the Fields Institute in Toronto, Canada, in July 2007. 

Organization This article is organized as follows. We start with preliminaries, 
summarizing notation, terminology and some background on Hilbert C*-modules. 

funded by the Deutsche Forschungsgemeinschaft (DFG) 
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In Section|2] we recall the notion of a multiplicative unitary and define C*-pseudo- 
multiplicative unitaries. This definition involves C*-modules over C*-bases and their 
relative tensor product, which were introduced in ||3T1 and which we briefly recall. As 
an example, we construct the C* -pseudo-multiplicative unitary of a locally compact 
Hausdorff groupoid. We shall come back to this example frequently. 

In Section[3] we associate to every well-behaved C* -pseudo-multiplicative unitary 
two Hopf C*-bimodules. These Hopf C*-bimodules are generalized Hopf C*-algebras, 
where the target of the comultiplication is no longer a tensor product but a fiber product 
that is taken relative to an underlying C*-base. Inside these Hopf C*-bimodules, we 
identify dense convolution subalgebras which can be considered as generalized Fourier 
algebras, and construct a dual pairing on these subalgebras. To illustrate the theory, we 
apply all constructions to the unitary associated to a groupoid G, where one recovers 
the reduced groupoid C*-algebra of G on one side and the function algebra of G on the 
other side. 

In Section m we study representations and corepresentations of C*-pseudo-multi- 
plicative unitaries. These (co)representations form a C*-tensor category and lead to 
the construction of universal variants of the Hopf C*-bimodules introduced in Section 
[3j For the unitary associated to a groupoid, we establish a categorical equivalence 
between corepresentations of the unitary and representations of the groupoid. 

In Section|5] we show that every C* -pseudo-multiplicative unitary satisfying a cer- 
tain regularity condition is well-behaved. This condition is satisfied, for example, by 
the unitaries associated to groupoids and by the unitaries associated to compact quan- 
tum groupoids. Furthermore, we collect some results on proper and etale C*-pseudo- 
multiplicative unitaries. 



Terminology and notation Given a subset F of a normed space X, we denote by 
[Y] C X the closed linear span of Y. We call a linear map (|) between normed spaces 
contractive or a linear contraction if ||(|)|| < 1. 

All sesquilinear maps like inner products of Hilbert spaces are assumed to be 
conjugate-linear in the first component and linear in the second one. Let H^K be 
Hilbert spaces. We canonically identify L {H,K) with a subspace of L (H (BK). Given 
subsets X Cl {H) and Y C L {H,K), we denote by X' the commutant of X and by |y]] 
the a- weak closure of Y . 

Given a C*-subalgebra A C x {H) and a *-homomorphism 7t : A — > X {K), we put 

l'^{H,K) := {r eL{H,K) I Tfl = 7t(fl)rforalla e A}. (1) 

We use the ket-bra notation and define for each ^ G // operators |^} : C ^ H, X i-^ 

and i^l^l^r-.H^C^'^m'). 

We shall use some theory of groupoids; for background, see ll26l or Given a 
groupoid G, we denote its unit space by G^, its range map by r, its source map by s, and 
let GrXrG = {{x,y) e G x G | r{x) = r{y)}, G.XrG = {{x,y) e G x G | s{x) = r{y)} 
and G" = r^^{u), Gu = s^^{u) for each u € G^. 

We shall make extensive use of (right) Hilbert C* -modules and the internal tensor 
product; a standard reference is ifTTl . Let A and B be C*-algebras. Given Hilbert C*- 
modules E and F over B, we denote by Lb{E,F) the space of all adjointable operators 
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from E to F. Let E and F be C*-modules over A and B, respectively, and let 7t: A — > 
Lb{F) be a *-homomorphism. Recall that the internal tensor product E ®tiF is the 
Hilbert C* -module over B which is the closed linear span of elements r| ®7i^, where 
r| e £■ and ^ e F ai-e ai-bitrary and (rj (8>jr^|r|'(X)7[^') = (^|7t((r||ri'})^'} and (rj ®n'i,)b = 
ri ®Tii,b for all ri,r|' e £, G e B §4]. We denote the internal tensor 
product by "©" and drop the index 7i if the representation is understood; thus, for 
example, E © F = E ©-^F — E ®tiF . 

We also define ?l flipped internal tensor product F-nQE as follows. We equip the al- 
gebraic tensor product FQ/i with the structure maps (^0r||^'0ri') := (^|jt((r||r|'))^'}, 
{^Q'r\)b : — ijj form the separated completion, and obtain a Hilbert C*-module 
FjiQE over B which is the closed linear span of elements ^j[@ri, where r| e £ and 
t,eF are ai'biti-ary and (^;t@ril^',t@ri'} = (^|7t((ri|Ti'))^') and {t,Tt©'n)b = ^fe,t@ri for 
all r[,r[' ^ E,t„t,' E F, b G B. As above, we drop the index K and simply write "@" in- 
stead of "tiC" if the representation K is understood. Evidently, the usual and the flipped 
internal tensor product are related by a unitary map E: F QE ^ E©F,r\©^i-^^©r\. 

For each t, G E, the maps 

F ^EQF,^>^^Q^, rf{^)■.F~>F©E,^^^©^, (2) 

are adjointable operators, and for aU r| e F, ^' e £, 

lU^r{^'Q^) = Km^'))^ = rf{^n^&^'). 

Again, we drop the supscript K in Zj5 (^) and (^) if this representation is understood. 

Finally, let Ei,E2 be Hilbert C*-modules over A, let Fi, F2 be Hilbert C*-modules 
over B with representations 7t,: A -LsiFi) (i ~ 1,2), and let S € La{Ei,E2), T G 
J^b{Fi,F2) such that TTt 1 (a ) = 7t2 (fl ) r for all a e A . Then there exists a unique operator 
S©T gLb{Ei ©Fi,E2 ©F2) such that {S©T){^©t,) =S^©T^ for aU rj e £1, ^ e Fu 
and (5© r)* = 5* © T* Proposition 1.34]. 

2 C* -pseudo-multiplicative unitaries 

Recall that a multiplicative unitary on a Hilbert space // is a unitary V : H®H ^H^H 
that satisfies the pentagon equation V\2V\^V2-i — V23V12 (see |i3J|). Here, V12, Vi3, V'23 are 
operators onH®H®H defined hyVn^V ® id, V23 = id ®V, Vn = (JL® id)V23 (E 
id) = (id®E)yi2(id®E), where E e l{H®H) denotes the flip r]®^ ^(8)11. As 
an example, consider a locally compact group G with left Haar measure X. Then the 
formula 

(yf){x,y)=f{x,x-'y) (3) 

defines a linear bijection of Q(G x G) that extends to a unitary on L^(G x G, A,® A,) = 
L^{G,'k) ®L^(G, A-). This unitary is multiplicative, and the pentagon equation amounts 
to associativity of the multiplication in G. 

In this section, we generalize the notion of a multiplicative unitary so that it covers 
the example above if we replace the group G by a locally compact Hausdorff groupoid 
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G. In that case, formula (|3]l only makes sense for {x,y) e G, x,G and defines a lin- 
ear bijection from Q(GiX,-G) to Cc{GrX,G). If the groupoid G is finite, that bijec- 
tion is a unitary from fi{GsXrG) to l-^{GrXrG), and these two Hilbert spaces can be 
identified with tensor products of /^(G) with 1^{G), considered as a module over the 
algebra C{G^) with respect to representations that are naturally induced by the maps 
s,r: G ^ G^. For a general groupoid, the simple algebraic tensor product of modules 
has to be replaced by a refined version. In the setting of von Neumann algebras, Vallin 
used the relative tensor product of Hilbert modules introduced by Connes, also known 
as Connes' fusion of correspondences, to define pseudo-multiplicative unitaries ll38l 
which include as a main example the unitary of a measurable groupoid. To take the 
topology of G into account, we shall work in the setting of C* -algebras and use the 
relative tensor product of C* -modules over C* -bases introduced in BTl . 

2.1 The relative tensor product of C* -modules over C* -bases 

In this subsection, we recall the relative tensor product of C* -modules over C* -bases 
which is fundamental to the definition of a C* -pseudo-multiplicative unitary, and gen- 
eralize the theory presented in |31 , Section 2] in two respects. First, we introduce the 
notion of a semi-morphism between C*-modules which will be important in subsection 
14.41 Second, the definition of a C*-pseudo-multiplicative unitaries forces us to consider 
C*-n-modules for n>2 and not only C*-bimodules. We shall not give separate proofs 
of statements that are only mild generalizations of statements found in [31]. For addi- 
tional motivation and details, we refer to [31] ; an extended example can be found in 
subsection l2.3l 

C* -modules over C*-bases A C*-base is a triple {R, 05, ) consisting of a Hilbert 
space ^ and two commuting nondegenerate C* -algebras *B,Q3^ C A C*-base 

should be thought of as a C* -algebraic counterpart to pairs consisting of a von Neu- 
mann algebra and its commutant. As an example, one can associate to every faith- 
ful KMS-state a* on a C*-algebra B the C*-base {H^,B,B"P), where is the GNS- 
space for /j and B and B"'' act on = H^op via the GNS -representations fTT Exam- 
ple 2.9]. If b = (J?,Q3,«B^) is a C*-base, then so is fa' (j^,<B^Q3) and M(fa) 
(il,M(«B),M(Q5 ■•")), where M(<B) and M(<B^) ai-e naturally represented of Si. 

From now on, let fa — (.ft, *B,Q3^) be a C*-base. We shall use the following notion 
of a C*-module. A C* -b-module is a pair Ha = {H, a), where // is a Hilbert space and 
a C l{A,H) is a closed subspace satisfying [aM\ = H, [aQ5] = a, and [a*a] = 05 C 
L {^). If Ha is a C*-fa-module, then a is a Hilbert C*-module over B with inner product 
(^,^') 1-^ and there exist isomorphisms 

a©il-^//, ^©C^^C, j?@a^//, Ce^^^^C, (4) 

and a nondegenerate representation 

Pa-.'B' ^L{H), pa{b')m^^bX forall/7+GS^^Ga,Cei^. 

A semi-morphism between C*-fa-modules Ha and Kp is an operator TEL {H,K) satis- 
fying ra C p. If additionally r*P C a, we call T a morphism. We denote the set of all 
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(semi-)morphisms by L(^^-^{Ha,K^). If T e Ls{Ha,K^), then Tpa{b^) — p^{b^)T for 
all e S^, and if additionally T ^ L {Ha,K^), then left multiplication by T defines 
an operator in Ltg (a, P) which we again denote by T. 

We shall use the following notion of C*-bi- and C*-n-modules. Let bi,...,b„ 
be C* -bases, where fa; = (^(■j'B/jS^) for each /. A C*-{bi, . . . ,b„)-module is a tu- 
ple {H ,ai, . . . ,a„), where // is a Hilbert space and (//,a,) is a C*-b,-module for 
each / such that [pa.(*Bj)ay] = aj whenever / ^ j. In the case n = 2, we abbre- 
viate iH,a,^). We note that if (//,ai, . . . ,a„) is a C*-(bi, . . . , b„)-module, 
then [pa, (5B[),pa^(Q3j)] — whenever ; 7^ j. The set of (semi-)morphisms between 
C*-(bi,...,b„)-modules ^ = (//,ai, . . . ,a„), K = (/:,Yi, • • • ,y«) is 

nLii:(.v)(i/„,,/i:Y,)ci (//,/:). 

The relative tensor product Let b — (^,*B,Q3^) be a C*-base, //p C*-b-module, 
and Ky a C*-b^-module. The relative tensor product of //p and Ky is the Hilbert space 

^ b 

It is spanned by elements ^ © ^ © r|, where ^ G P, ^ G ^, r| G y, and 

(^©C@iil^'®C'®ii') = (CI^*^'tiVC') = (ClTiY^TO 

for all G P, G ^liil' G Y- Obviously, there exists a unitary^;/? 

I.: Ha(E)yK Ky(g)aH, ^© ^ ©r] 1-^ r] © ^ 

b tit 

Using the unitaries in (HI on //p and Ky, respectively, we shall make the following 
identifications without further notice: 

Hp ©y^Hf,(g)yK'^^©p^K, ^C@Tl = ^©C@il = ^®ilC- 

b 

For all S G pp(?B^)' and T G Py(Q5)', we have operators 
5@idG i:(//p„©Y) = i:(//p«)y/:), id®r e Li^&pyK) = L{H^(^yK). 

b b 

If 5 G Av(Hp) or r G Ls{Ky), then (5@id)(^©riQ = 5^©riC or (id®r)(^C = 
@ rr|, respectively, for all ^ G p, ^ G ^, r| G y, so that we can define 

S(E)T:= (5@id)(id©r) = (id©r)(5@id) (EL{H^(g)yK) 

b b 

for all (5,r) G (Av(Hp) x py{^y) U (pp(S^)' x . 

For each ^ G P and r| G y, there exist bounded linear operators 

1^)1: K ^ Hp(g)yK, (Mh^^©co, |ri)2: H ^ H^®yK, co^coeri, 
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whose adjoints := |^)| and (r||2 \v[)2 are given by 

(^|i: ^'©cof->py(^*^')«: (11 12: co@ri'i-^p|5(riV)co. 

We put IP) 1 ::^{\t,)i\t,e^}CL{K,Hp,(g,yK) and similarly define (p|i, |y)2, {jh- 

b 

Let^ = (//,ai, . . . ,a,„,P) beaC*-(ai,. . . ,o„,, b)-moduleand 'K,^{K,y,?)i,.. . ,5„) 
a C*-(b''', ci , . . . , c„)-module, where a,- = {Sji,^,^]) and = are C* -bases 

for all i,j. We put 

ai<iy~ [|Y)2a,-] CL{^„Hp®yK), p>5; := [|p)i5/] c L{£j,Hp(»yK) 

b b 

for all /, Then {H^iS)yK, ai <: y, . . . , a,„ < y, P > 5i , . . . , p i> 5„) is a C*-(ai , . . . , a^, 

b 

ci , . . . , c„)-module, called the relative tensor product of 9< and 3(; and denoted by 

H ®'K,. For all /, / and a"^ e 2lJ, c"^ G 
fa ■' 

The relative tensor product has nice categorical properties: 

Functoriality Let J7f = (H, oti , . . . , oCm, P) be a C*-(ai , . . . , a^, b)-module, = (^,7, 
5i,...,5„) a C*-(b^ ci,...,c„)-module, and S e L(^^(H ,k), T e X(,)(?c,^^)- 
Then there exists a unique operator 5® T G L(^^-^{:}{ ® l<i,:}{ ® 'ki) satisfying 

(5 r) © C © n) = 5^ ® C © 7^11 for all ^ G p, C e ri G y. 

fa 

Unitality The triple U := (i^,®^^) is a C*-(<8^ <8)-module and the maps 

Iff-- Hf,(^^iM.-^H, i,©t,©b^ ^hp^t,, 

' (5) 

b 

are isomorphisms of C*-(ai, . . . , o,„, b)-modules and C*-(b^, ci , . . . , c„)-modules 

^H: ®U ^ 9{ and U ® ^ respectively, natural in J{ and 3C . 

fa fa 

Associativity Let5,ei,...,e/beC*-bases, = (/r,Y,5i, . . . ,8„,e) aC*-(b''',ci,...,c„, 
5)-module and L ~ (L,(|),i|/i , . . . ,\|/;) a C*-(5^, ei, . . . , e/)-module. Then there 
exists a canonical isomorphism 

^t{.x.L'- {Ha®yK)a^^®ifL^^©p Kp^©(Sf^Ha®y^i^{K^®^L) (6) 

fa fa D 

which is an isomorphism of C*-(ai, . . . , Om, ci , . . . , c„, ei, . . . , e/)-modules (yf (X) 

ti 

ii)®-!^ — >itf®(i^Cg)i:). From now on, we identify the Hilbert spaces in Q 

fa I) 

and denote them by H^®yK^®i^L. 
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Direct sums Let a = (53,21,21''") and b = {H,^,^^) be C* -bases and let be 
a family of C*-(a, b)-modules, where — (//,, a/,p,) for each /. Denote by 
ffl,a/ C L{S),(BiHi) the norm-closed linear span of all operators of the form 

^ I— > where (^,), is contained in the algebraic direct sum ®f°<Xj, and 

similarly define ffl,P; C l (j?, ©,•//,) . Then the triple ffl/iTf,- ( ©,//,•, ffl,a,-, ffl,p,) 

is a C*-(a, b)-module, and for each j, the canonical inclusions v'j : Hj 

and projection 71^' : ©, //,■ ^ /// are morphisms J{j ffl,-^,- and ffl/:tf/ ^ i?/;. 

With respect to these maps, ffli-iW,- is the direct sum of the family 

Let c be a C*-base and a family of C*-(b'^, c)-modules, and define the 

direct sum fflj?C/ similarly as above. Then there exist inverse isomorphisms 

ffl/,;(^i ® X.]) ^ (ffli^i) ® (fflj?C;) given by (C0ij)/j ^ I;j(^f ® and 

b b b 

{{nf (^^nj){&)). . ^ CO, respectively. 

Similar constructions apply to C*-b-modules and C*-b^-modules. 



2.2 The definition of C* -pseudo-multiplicative unitaries 

Using the relative tensor product of C* -modules introduced above, we generalize the 
notion of a multiplicative unitary as follows. Let b = {A, 03, 'B'^) be a C*-base, (//, p, a, P) 
a C*-(b^, b, b^)-module, and V : H^(^aH Ha^aH a unitary satisfying 

V(a<a) = a>a, y(pi>p) = p<]p, y(pi>p) = aop, V(p<]a) = p<]p (7) 
in i {^,Ha®pH). Then all operators in the following diagram are well defined. 



V0id id^y 

^b' b+ fa b+ b b 

|id(8)y yg)idf 
i t.t (, I 

I y®id 

Pt,t '^bt bl^ ^P^Pfat 



where E23 denotes the isomorphism 




given by © ^) © r| © Tj) @ ^. We adopt the leg notation ([31 and write 

yi2fory(g)id,y ©id; y23 fory©id,y ©id; yia for l23(y «)id)(id©2:). 

bt b b at bt bt 
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Definition 2.1. A C*-pseudo-multiplicative unitary is a tuple (b,i/, P, a, P,y) consist- 
ing of a C* -base b, a C*-{h\h,h"^)-module (//,p,a, P), and a unitary V : H^®aH 

Ha®P,H such that equation O holds and diagram ^ commutes. We frequently call 
b 

just V a C* -pseudo-multiplicative unitary. 

This definition covers the following special cases: 
Remarks 2.2. Let {b,H, p, a, p,y) be a C*-pseudo-multipHcative unitary. 

i) If b is the trivial C*-base (C,C,C), thenH^iSiaH ^ ^ Ha'S>P,H, and V is 

a multiplicative unitary. 

ii) If we consider and pp as representations p^, Pp : !B X {Ha) = il<8 (a), then 
the map ap_@a = a<a^a>a = oc®pp oc given by co Vco is a pseudo- 
multiplicative unitary on C* -modules in the sense of |34|. 

iii) Assume that b = b ' ; then = 05^ is commutative. If p = a, then the pseudo- 
multipUcative unitary in ii) is a pseudo-multiplicative unitary in the sense of 
O'uchi |23|. If additionally P — a — P, then the unitary in ii) is a continuous 
field of multiplicative unitaries in the sense of Blanchard |4|. 

iv) Assume that b is the C*-base associated to a faithful proper KMS-weight /j on 
a C*-algebra B (see ISTl Example 2.9]). Then /j extends to a n.s.f. weight ft on 
|5B], and with respect to the canonical isomorphisms H^^aH = Hp- (g) p^i/ and 

Ha<S)RH = //p„(i)p„i/ (see BTl Corollary 2.21]), V is a pseudo-multiplicative 

b fi 

unitary on Hilbert spaces in the sense of Vallin ll38l . 

Let us give some examples and easy constructions: 

Examples 2.3. i) To every locally compact, Hausdorff, second countable groupoid 
with a left Haar system, we shall associate a C* -pseudo-multiplicative unitary in 
the next subsection. 

ii) In ll35l . a C* -pseudo-multiplicative unitary is associated to every compact C*- 
quantum groupoid. 

iii) The opposite of a C* -pseudo-multiplicative unitary {b,H,^,a,^,V) is the tu- 
ple (b,//,P,a,p,y"'0, where V"P denotes the composition Ey*E: //g^a// ^ 

V* z 

Ha(S)p,H — > H^(^aH — > //a®sH. A tedious but straightforward calculation 

b*^ Pfit bf" 

shows that this is a C* -pseudo-multiplicative unitary. 

iv) The direct sum of a family ((bi,//',pi,a,,p,,V,)),- of C*-pseudo-multiplicative 
unitaries is defined as follows. Write b' = (i3',S,,5B|) for each /, put :~ 
0,f)',//:=0,//', denote by :=0,Sp' <^l{Sj) the co-direct sum of C*- 
algebras, and by p := 0; p,-, a := 0, a,, p := 0,- p, the co-direct sum in l{Sj,H). 
Thenb:= (S),^,^"^) is a C*-base, there exist natural isomorphisms //s®aH ^ 
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denotes the unitary corresponding to 0,- V, with respect to these isomorphisms, 
then the tuple (b,//,p,a,p,y) is a C*-pseudo-muhipUcative unitary. 

v) The tensor product of C*-pseudo-multiplicative unitaries (b,i/,p,a,P,y) and 
{c,K,b,y,b,W) is defined as follows. Denote by 'B^'''' ® C L{Sj(g)R) and 
P(X)5,a(X)Y, P®5 C ^ A,H (S) K) the closed subspaces generated by ele- 
mentary tensor products. Then fa ® c := (io ® .ft, S (g) £, (g) is a C*-base, 
there exist natural isomorphisms {H ^K)-s -s (8> a0y{H ^K) = {H-j;(^aH) 

(K-s^yK) and {H(g)K)a0y &^&iH(g)K) ^ (Ha'^RH) ® (Ky'S^^K), and if U de- 

ct ti0c b c 

notes the unitary corresponding to V (S^W with respect to these isomorphisms, 
then (fa (3 c,i/® ^T, P ® 5,a(X> Y, P ® 5,C/) is a C*-pseudo-multiplicative unitary. 



2.3 The C* -pseudo-multiplicative unitary of a groupoid 

To every locally compact, Hausdorff, second countable groupoid with left Haar sys- 
tem, we shall associate a C* -pseudo-multiplicative unitary. The underlying pseudo- 
multiplicative unitary was introduced by Vallin lf38l . and associated unitaries on C*- 
modules were discussed in ll23l[34l . We focus on the aspects that are new in the present 
setting. 

Let G be a locally compact, Hausdorff, second countable groupoid with left Haar 
system A- and associated right Haar system A,^', and let /j be a measure on G" with full 
support. Define measures v,V^' on G by 

/ /dv:= / / f{x)d^{x)d^l{u), [ fdv-' = [ [ f{x)dX-\x)dij{u) 
Jg Jg°Jg" Jg JcfiJGu 

for all / G Cc{G). Thus, v^' ~ i^V, where /: G ^ G is given by x x^^. We assume 
that /J is quasi-invariant in the sense that v and v^' are equivalent, and denote by 
D := dv/dv^' the Radon-Nikodym derivative. 

We identify functions in Cb{G^) and Ci,{G) with multiphcation operators on the 
Hilbert spaces L^{G^ and L^{G,v), respectively, and let 

^■.^L^{G^,li), Q3 = <B^=Co(G°) Cx(J?), fa := (j?,<B,*B'^), H:^L^{G,v). 
Pulling functions on G" back to G along r or s, we obtain representations 

r*: CoiG^)'^CbiG)^LiH), s* : Cq{G^) ^ Cb{G) ^ l{H). 

We define Hilbert C*-modules l2(G,A.) and L^(G,X-^) over Co(G'') as the respective 
completions of the pre-C*-module C (G), the structure maps being given by 

(^'|^)(m)= /" I^^(x)dr(x), ^/ = r*(/)^ in the case of l2(g, A), 

JG" 

{^'mu)= f W{^^{x)dX-\x), ^f^s*{f)^ in the case of l2(GA-') 
respectively, for all G ^.(G), u e G", / G Co(G''). 
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Lemma 2.4. There exist isometric embeddings 

such that for all ^ e Cc{G), C, e Cc{(^) 

W =^(x)C(r(x)), =^(x)/)->/2(^)^(,(^)). 
Proof. Let E:=L^{G,X), E :=L^{G,X-% and e Cc(G), C,C' e C<;(G^). Then 

=dv-iW 

= / / W)W)W%{u)'^K\xW{u) = (C'|(^'|^)£C). □ 

JcfiJGu 

Leta := P := j{L^{G,X}) and P := ]{L^{G,'k~^)). Easy calculations show: 

Lemma 2.5. (//,P,a,P) is aC*-{h\h,h^)-module, Pa = Pp = anJ = an<i j 
anJ 7 are unitary maps ofHilbert C* -modules over Co{Cf') = 5B. □ 
The Hilbert spaces H^<S:aH and Ha^aH can be described as follows. We define 
measures Vj ^ on Gj x ^G and v^^ on Gr x ^G by 

/ /dv^, := / / / /(x,y)dX^W(y)dr (x)d/.(M), 

f gdvl,:= f f f g{x,y)dX"{y)dX"{x)df,{u) 

JGrXrG JG^JG"JG" 

for all / S Cc{GsXrG), g E C(_\Gry-rG). Routine calculations show: 
Lemma 2.6. There exist unique isomorphisms 

^ ■ H^(^aH^L\GsXrG,vl,), ^afi- Ha®^H L^{GrXrG,vl,) 

such that for a// rj , ^ e Q (G) anJ C G Q (G°), 

*p,a(/(ll)®^®i(^))(-^,>')=1lWi)-'/'WC(^W)^(3'), 
1>a,p(;(ll)©C@j©)(^,3') = llWC('-W)^(3')- □ 

From now on, we identify H-s®aH with {Gs x rG) and Ha(SipH with L-^ (Gr x ^G) 
via <E>^ ^ and ^a,P' respectively, without further notice. 

Theorem 2.7. There exists a C* -pseudo-multiplicative unitary (b,//,p,a,P,V) such 
that (yco)(x,>') = (a{x,x^^y) for all co G Cc(Gi x^-G) and {x,y) G GrXrG. 
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Proof. Straightforward calculations show that (//, p, a, P) is a C*-{h\ b, b^)-module. 

The homeomorphism G, XrG GsX,G, {x,y) t-^ {x,x^^y), induces an isomor- 
phism Vq: Q(G.sX,.G) Cc{GrX,-G) such that (Vbco)(x,y) = co(x,x"'y) for all co e 
CciGsX-rG) and (x,}?) G Gi-XrG. Using left-invariance of A,, one finds that Vo extends 
to a unitary V : HT.(S)aH = {G, x ,.G) (G,- x ,.G) = Ha®\^H. 

We claim that V is a C* -pseudo-multiplicative unitary. First, we show that y(pi> 
P) = ai>p. For each e Q(G), C £ QIG"), and {x,y) e G.XyG, 

{vm)imQ{x,y) ^ {\m)u%%)ix,x-'y) 

^^{x)i:{x-'y)D-'l\x)D-'l\x-'y%{s{y)), 
{\m)d{i:%){x.y)=m^{y)D-'l\y%{s{y)). 

Using standard approximation arguments and the fact that D{x)D{x^^y) — D{y) for 
^-almost all {x,y) e GyX.G (see |13| or [(24l p. 89]), we find that y(p[>p) = 
[T{Cc{GrXrG))] ^ ai>p, where for each co G Q.(G,-XrG), 

(r(co)C)(x,3') = C0(x,y)D-i/2(y)C(.(y)) for all C G C,(gO), (x,y) e G,x,G. 

Similar calculations show that the remaining relations in (|7]i hold. 

Tedious but straightforward calculations show that diagram (|8]l commutes; see also 
ll38l . Therefore, V is a C* -pseudo-multiplicative unitary. □ 

3 Hopf C*-bimodules and the legs of a C* -pseudo mul- 
tiplicative unitary 

To every regular multiplicative unitary V on a Hilbert space H, Baaj and Skandalis 
associate two Hopf C*-algebras (Ay, Ay) and (Ay, Ay) as follows |3J. They show for 
every multiplicative unitary V, the subspaces Ay and Ay of L [H) defined by 

A^ := {(id ®co)(y) I COG i (//)*}, Al:={{x)®iA){V)\x)^L{H)^} (9) 

are closed under multiplication. In the regular case, their norm closures Ay and Ay, 
respectively, are C* -algebras, and the *-homomorphisms Ay Ay ~^ l{H ® H) and 
Ay : Ay — > i (i/ (g) //) given by 

Ay: flH^y*(l®fl), Ay: fli-^y(fl®l)y*, (10) 

mapAy to M(Ay(8) Ay) Ql{H®H) andAy toM(Ay(g)Ay) C i (//0//), respectively, 
and form comultiplications on Ay and Ay. Finally, there exists a perfect pairing 

A^xA^->C, ((id®co)(y),(T)(t)id)(y))^(T)®(o)(y), (11) 
which expresses the duality between (Ay , Ay) and (Ay, Ay). 
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Applied to the multiplicative unitary of a locally compact group G, this construc- 
tion yields the C* -algebras Cq{G) and C*{G) with the comultiplications A: Co(G) 
M{Co{G)(E)Cq{G)) ^ Cb{G X G) and A: C;{G) M{C*(G)®C*{G)) given by 

A(/)(;c,y) forall/eCo(G), A(f/;,) = f/., ® f/, for all ;c G G, (12) 

where U : G M{C* {G)),x Ux, is the canonical embedding. 

To adapt these constructions to C*-pseudo-multiplicative unitaries, we have to 
solve the following problems. 

First, we have to find substitutes for the space L and the slice maps id (O and 
X) (§) id that were used in the definition of Ay and A^. It turns out that for a C* -pseudo- 
multiplicative unitary, the norm closures Ay and Ay are easier to define. Therefore, 
we first study these algebras, before we introduce the spaces Ay and Ay and the dual 
pairing. The spaces Ay and Ay carry the structure of Banach algebras and can be 
considered as a Fourier algebra and a dual Fourier algebra for V . 

The main difficulty, however, is to find a suitable generalization of the notion of a 

Hopf C*-algebra and, more precisely, to describe the targets of the comultiplications 

Ay and Ay. For example, if we replace the multiplicative unitary of a group G by the 

C*-pseudo-multiplicative unitary of a groupoid G, we expect to obtain the C*-algebras 

Ay = Co{G) and Ay = C*{G) with *-homomorphisms A and A given by the same 

formulas as in (fT2] i. Then the target of A would be M(Co(Gi x,-G)), and Co(GiXrG) 

can be identified with the relative tensor product Co(G)i* r*Co{G) of Co(G*')- 

Co(GO) 

algebras (4]. But the target of A can not be described in a similar way, and in general, 
we need to replace the balanced tensor product by a fiber product relative to some base 
algebra which may even be non-commutative. If G is finite, then C(G) and C*(G) = 
CG can be considered as modules over R = C{G^) in several ways, and the targets of A 
and A can be written using the x ^-product of Takeuchi [29 1 in the form C(G) x r C(G) 
and CG x r CG, respectively. In the setting of von Neumann algebras, the targets of 
the comultiplications can be described using Sauvageot's fiber product ll28l l37l. For 
the setting of C* -algebras, a partial solution was proposed in [341, and a general fiber 
product construction which suits our purpose was introduced in [|3T1 . 

We proceed as follows. First, we recall the fiber product of C*-algebras over C*- 
bases and systematically study slice maps and related constructions. These prerequi- 
sites are then used to define Hopf C*-bimodules and associated convolution algebras. 
Finally, we adapt the constructions of Baaj and Skandalis to C* -pseudo-multiplicative 
unitaries and apply them to the unitary associated to a groupoid. 

Throughout this section, let b = (i^, ^'') be a C*-base, (i/, P, a, p) a C*-(b^ b, b^)- 
module and V : H-j;(S^aH Ha®?,H a C*-pseudo-multiplicative unitary. 

3.1 The fiber product of C* -algebras over C* -bases 

In this subsection, we recall the fiber product of C*-algebras over C* -bases fy\\, intro- 
duce several new notions of a morphism of such C*-algebras, and show that the fiber 
product is also functorial with respect to these generalized morphisms. For additional 
motivation and details, we refer to ||3TI : two examples can be found in subsection l3.5l 
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Let bi,...,b„ be C*-bases, where b; — (^j-,*Bi,Q3[) for each /. A (nondegener- 
ate) C*-(bi , . . . , h„)-algebra consists of a C*-(bi, . . . , b„)-module {H,ai, . . . ,a„) and a 
(nondegenerate) C* -algebra A C l [H) such that Po(, (25})A is contained in A for each /. 
We shall only be interested in the cases n = 1,2, where we abbreviate A^ {Ha, A), 

We need several natural notions of a morphism. Let A — {y^ ,A) and C = (3C,C) 
be C*-(bi, . . . ,b„)-algebras, where itf = (//,ai, . . . ,a„) and = (/r,Yi,. . . ,y„). A *- 
homomorphism %: A — > C is called a ( semi- )normal morphism or jointly ( semi- )normal 
morphism from to C if [L'^^^{Haj,Ky.)ai] = Y; or [l^^,^{:H , x)ai] = Ji, respectively, 
for each /, where 

L (//„, ,Ky,)^L^{H,K)f\L(,){Ha„Ky^), Ll^{:H,0^)^L^{H,K)f\L(,){:H,J^). 

One easily verifies that every semi-normal morphism 7t between C*-b-algebras A^ and 
Cl satisfies 7t(pa(Z7^)) = Py(/7^) for all Z?'^ e 

We construct a fiber product of C*-algebras over C* -bases as follows. Let b be a 
C*-base, A^ a C*-b-algebra, and B\ a C*-b^-algebra. The fiber product of a\ and B\ 
is the C* -algebra 

Ab*yB |;c £ ifZ/R^v/:) C [|p)iB] as subsets of L(K,HQ(g)yK), 

"^b b b 

x\y)2,x*\y)2 ^ [|y}7A] as subsets of l{H ,Ha®-^K)} . 

b 

If A and B are unital, so is A^*yB, but otherwise, Ap^^B may be degenerate. Clearly, 
conjugation by the flip E: Ha®yK Ky^aH yields an isomorphism 

b 

Ad£ : Ap*yB — > By * pA. 
If o, c are C* -bases, A'^'^ is a C*-(a, b)-algebra and B]f a C*-(b ' , c)-algebra, then 

b b b 

is a C*-(a, c)-algebra, called the fiber product of A^'^ and B^^. 

The fiber product construction is functorial with respect to normal morphisms fST] 
Theorem 3.23], but also with respect to (jointly) semi-normal morphisms. For the 
proof, we slightly modify |31 , Lemma 3.22]. 

Lemma 3.1. Let n be a semi-normal morphism of C* -b-algebras A^ and C^, let B\ 

be a O-h'^ -algebra, and let I := l'^(H ,L) ®\d. 

b 

i) II* I C / and there exists a unique *-homomorphism p/ ; (/*/)' {II*)' such that 
P/(jic)3' — yxfor all X £ {1*1)' andy £ /. 

ii) There exists a linear contraction j^fi'om the subspace [|y)2^] Q L{H,Ha(E)yK) 

b 

to [\j)2C] Q L{L,Lx®yK) given by |r|)2fl ^ \'f\)2Tl{a). 
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Hi) pi{AR*yB) (=Cx*yB and p/(x)|ri)2 = /'jr(-^|'n}2) for all x eAa^yB, r] e y. 

b b ' b 

Proof, i) The assertion on / is evident and the assertion on p/ is |31 , Proposition 2.2]. 

ii) The existence of 7,1 follows from the fact that we have (|r|)27i(fl))*(|r|')27i(fl')) = 
7t(a)*p;,(ri*ri')"(fl') =="((|Tl)2a)*(|ri')2fl')) for all ri,ri' e y, 0,0' e A. 

iii) Lety Lf{H^,Lx). First, we have p,{Af,*yB)\j)2 C [|y)2C] because p/(x)|ri)2 = 

jjr(-^|il)2) G [\y)2C] for all X G Aa*yB, r| e y. Indeed, for all S eJ, 

b 

P/W|ri)25 = p/(jc)(5®id)|ri}2 = {S(g,id)x\^)2 ^ jn{x\^)2)S. 

b b 

Second, pi{Aa*yB)\X)i ^ pi{Aa*yB)[{J iS}id)\^)i] C [{J (»id){Aa*yB)\^)i] C [(7® 

b b b b b b 

id)|P)iB] C [\X)iB]. □ 

Theorem 3.2. Lef a, b, c fee C* -bases, (|) a semi-normal morphism ofC*-{a, b)-algebras 
= A^''^ a«c/ C = C^'^ ant/ l(/ a semi-normal morphism ofC*-{b' , c)-algebras « = 
ant^ i) = -D^^. TTzen f/iere ejc/sfs a unique semi-normal morphism of C*-{a,c)- 
algebras J4 *'B C *'D such that 

tl b b 

((|) * \|/) (x)/? = for all X eAa*yB and R e ImJh +JlIk, (13) 

b b 

where Ix = l'^{H,L) (g)idx, Jy ^ idy (E)L'^{K,M) for X e {K,M},Y e {H,L}. If both 

b b 

(|) and l|/ are normal, jointly semi-normal or jointly normal, then also (^*\\f is normal, 

b 

jointly semi-normal or jointly normal, respectively. 

Proof. This follows from Lemma 13.11 and a similar argument as in the proof of lISTl 
Theorem 3.13]. □ 

Unfortunately, the fiber product need not be associative, but in our applications, it 
will only appear as the target of a comultiplication whose coassociativity will compen- 
sate the non-associativity of the fiber product. 



3.2 Spaces of maps on C*-algebras over C*-bases 

To define convolution algebras of Hopf C*-bimodules and generalized Fourier algebras 
of C* -pseudo-multiplicative unitaries, we need to consider several spaces of maps on 
C*-algebras over C* -bases. 

Let o = and b = (il,<B,Q3'^) be C* -bases, H a Hilbert space, //„ a C*-o- 

module, //p a C*-b-module, and A C l (H) a C*-algebra. We denote by a°° the space 
of all sequences r| — {r[k)keN in for which the sum Y.k'^l'^k converges in norm, and 
put ||ri|| := IlLA-il^Tlill'/^ for each r] G a°°. Similarly, we define Then standard 
arguments show that for all r| G P°°,T|' G a°°, there exists a bounded linear map 

co^y:A^x(i3,i?), r^£ii|rii[, 

keN 
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where the sum converges in norm and ||cOt|,ti'|I ^ Nil ll^l'll- We put 

^^,a{A) := {co^.^' I ri e r,il' e a"} C L(A,i(i3,i^), 

where L{A,l{Sj,K)) denotes the space of bounded linear maps from A to i (i^ , ^) . If 
P = a, we abbreviate Op (A) :— Hp ^(A). It is easy to see that Hp oi(A) is a subspace of 
L(A, L {Sj,K)) and that the following formula defines a norm on £2p „(A): 

||co|| :=inf{||ri||||ri'|||ri e e a~, co = cOt^y} for all co e £2p,„(A). 

Lemma 3.3. i2p or(A) is a Banach space. 

Proof. Let (a)*^)^- be a sequence in np „(A) such that [|co*^|| < A^^ for all ^ G N. We 
show that the sum ^^.co'^ converges in norm in fip o,(A). For each G N, we can 
choose r|*^ e p°° and r]'*^ G a°° such that co'^ = co^* ^ik and |jri'^|| ||r|'^|| < 4^^*^. Without 
loss of generality, we may assume ||r|'^|| < 2^^*^ and ||r|'^'|| < 2'^*^. Choose a bijection 
/ : N X N ^ N and let y\i(k.n) = iln and rjj^^ „) = il'^ for all ^, n G N. Routine calculations 
show that T] G P°°, r|' G a°°, and that the sum Y.k^'^ converges in norm to 0)^1 r|' S 
%a(A)- ' □ 

We have the following straightforward result: 

Proposition 3.4. There exists a linear isometry £2p or(A) il^ p(A), co ^ CD*, such 
that (i)*{a) = (£){a*)* for all a eA and — (i)r\'.r\far all T] G P°°,ll' G a°°. □ 

We can pull back maps of the form considered above via morphisms as follows: 

Proposition 3.5. i) Let % be a normal morphism of C*-b-algebras A^ and B^. 
Then there exists a linear contraction %* : D.y{B) —>■ i2cc(A) given by (i)o%. 

ii) Let K be a jointly normal morphism of C*-{a, b)-algebras A'^^ and B^jf. Then 
there exists a linear contraction n* : Q,^ y{B) — > fip ci(A) given by 03 03 o %. 

Proof. We only prove ii), the proof of i) is similar Let / := L'^{aH^,yK^) and r| G 5°°, 
Tj' G 7°°. Then there exists a closed separable subspace Iq I such that r|„ G [/oP] 
and r|^ G [ho] for all « G N. We may also assume that IqI^Iq C /q, and then [/q/q] 
is a o-unital C*-algebra and has a bounded sequential approximate unit of the 
form Mi- = TiTi*, where (7])/ is a sequence in Iq ifTTl Proposition 6.7]. We choose 
a bijection /: N x N N and let ^,(/ „) := Tj*r\„ G P and ^'.^^ := r,*rij, G a for all 
/,« G N. Then the sum „)^i{i,n) — lll^tT|T|*^„ converges to r|*r|„ for each « G N 
in norm because r|„ G [/oP]- Therefore, ^ G p°° and ||^|| = ||r| ||, and a similar argument 
shows that t,' G a°° and ||^'|| ~ \\r['\\. Finally, 

- Lii:7/fl7]*ii; = '£^:K{a)TlTt^'„ = Y.'^MaK = C0^,^'("(«)) 

l.n l,n n 

for each a G A, where the sum converges in norm, and hence co,^ oti = co^ ^/ G fip ^(A) 
and||co,^,,o7r||<||^|irH||il||||Tl1|. ' ' ' □ 

For each map of the form considered above, we can form a slice map as follows. 
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Proposition 3.6. LetA^ be a C*-b-algebra and B\ a C* -h'^ -algebra, 
i) There exist linear contractions 

^ ^^|P>i(^p*Y^)) (]) (]) * id, Q.y{B) ^ Q.\y-^^{A^pB), \|/ 1-^ id *\|/, 

such that for all £ p°° and r\,r\' G 

CO^^^z *id = C0| |,, where |„ = |^„)i, |', = for all n e N, 
id*raT^_T^/ = Wfi^fi', where-r\„ |ri„)2,fj^ = |ri^)2/or aZ/ « e N. 

»'j We /iflve \|/ o ((|) * id) = (|) o (id /or a/Z (|) G ilp (A) and \\f e 

Proof i), ii) Straightforward; see OH Proposition 3.30]. □ 

Finally, we need to consider fiber products of the linear maps considered above. 
We denote by "(§)" the projective tensor product of Banach spaces. 

Proposition 3.7. LetA'^'^ be a C*-(a, b)-algebra and B]f a C*-{b^ ,c)-algebra. 

i) There exist linear contractions 

^a{A)^Q.y{B) — > Q.(a^-j{A^*yB), (0® co' ^ coKlco' := coo (id^co'), 
Q.p{A)^Q.s{B) n(|3[>g)(A|3*YB), CO® co' coKlco' := co'o (co*id). 

ii) There exist linear contractions 

^a3iA)^^y,&{B) ^ ^{a<r/),i^i>5){A^*yB), CO ® Co' CO K Co' , 
%a(A)®n5_p(B) ^n(|5i,5).(o,^Y)(A|3*YB), CO ® Co' t-> CO H Co' , 

such that for all ^ £ a°°, ^' G p°°, r| e f°, r\' e 5°° and each bijection i: N x N ^ 
N, we have co^^/ Kl CO^i.q' = COe e' and CO^/^^ Kl CO^/ j^ = CO9/ e where 

Qi{m.n) = \^n)2^m G a<]y, e,(,„,„) = I^^Jlli;, £ p 5 /or flZZ OT,n G N. 

Proof. The proof of assertion i) is straightforward; we only prove the existence of 
the first contraction in ii). Let ^,^',ri,ri',i,9,9' be as above. Then 9 e (a<]Y)°° and 
||9|| < ll^ll Itrill because 

l9ie^=I^;(Ti«i2|Ti„)2^,„=I^;pp(Ti:Ti„)^,« < ihiiTt«^'« < ihf ii^f , 

k m,n m,n m 

and similarly 9' 6 (P>5)°° and ||9'|| < ||^'|| Hil'll. Next, we show that cOe.e' does not 
depend on t, and t,' but only on co^^/ G fia.pC-^)- L^t ^' G and x G A^*yB. Then 

«e,9'WC'- E ^m(iini2Jci^;„)iri;,c', 

m.nGN 
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where the sum converges in norm. Fix any n G N. Then we find a sequence {kr)r in 
N and r\'li e y, C"i , • • • , C",t, G ^ such that the sum if^j rj^f;^;!, converges in 
norm to r['„C,' as r tends to infinity. But then 

m m /=1 

1=1 m 

kr 

= hm £(055,((ri„|2x|ri;;;)2)C'/. 

Note here that (Tinl^lTl"/)! G A. Therefore, the sum on the left hand side only depends 

on co^^/ £ p(A) but not on and since n <=N was arbitrary, the same is true for 
C0e_e'(x)^'. A similar argument shows that C0e_e'(-^)*C depends on C0t| t|/ g Q.y i,{B) but 
not on r] , ri' for each C,G^. □ 

3.3 Concrete Hopf C*-bimodules and their convolution algebras 

The fiber product construction leads to the following generalization of a Hopf C*- 
algebra and of related concepts. 

Definition 3.8. Let b = (J?, 03 ') fee a C*-base. A comultiplication on a C*-{b\ b)- 
algebra A^" is a jointly semi-normal morphism A from A^" to A^" *A^" that is 

b 

coassociative in the sense that the following diagram commutes: 
A ^a*P^ 



i*A 

ii 



I id* 
ii 

'^0(*(|3<i|3)(^a*p^) 

r 



A*id 

Aa^pA ^ ^ (A„*pA)(„c„)*|3A(_^i:(//a«'p^^a8'p^^)- 

u bo b b 

A (semi-)normal Hopf C*-bimodule over b is a C*-(b^, b)-algehra with a jointly (semi- 
)normal comultiplication. When we speak of a Hopf C* -bimodule, we always mean 
a semi-normal one. A morphism of (semi-)normal Hopf C* -bimodules (A^",Aa), 

(B^^,Ab) over b is a jointly (semi-)normal morphism % from A^" to B^^ satisfying 

AgOTt = (7t*7t) oAa. 
b ' 

Let (A^ ,A) be a Hopf C* -bimodule over h. A bounded left Haar weight /or 
(A^", A) is a completely positive contraction^: A ^ *B satisfying 

if{ap^{b))=if{a)b, K(^|iA(a)|^')i) =rpp(K«))^' 
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for allaeA, b <E 25, S a. We call (|) normal if(^ e ^m{^) (^). where M(P) = {T e 

I rOS'f C p,r*P C «B'^}. Similarly, a bounded right Haar weight /or (A^",A) 
is a completely positive contraction \|/: A — s- 03^ satisfying 

\\t{apa{b'^))^Wia)b\ i|/((ri |2A(fl) |ri')2) r|*pa(\|/(fl))ri' 

for all a eA, b'' £ ^\ ri,ri' e p. We call \\i normal if^E D.M{a){A), where M{a) = 
{5gx(J?,//) |5Q5Ca,5*aC<B}. 

A bounded (left/right) counit/or (Aj^ , A) is a jointly semi-normal morphism ofC* - 

(b' , b)-algebras e: A^" L (^) J '"^ that makes the {left/right one of the) following 
two diagrams commute: 

Aa*pA_- ^ ^ ^ ^ ^Aa*pA 

E*id id*e 

b h \y h b 



(14) 

Remark 3.9. Let (A^ ,A) be a Hopf C*-bimodule over b. Evidently, a completely 

B 0!, 

positive contraction (|) : A ^ *B is a normal bounded left Haar weig htfor (A^",A) if 
and only if (|) G ^m[^) iA) ™d (id *(|)) oA = ppo(|). A similar remark applies to normal 
bounded right Haar weights. 

Let (A^",A) be a normal Hopf C*-bimodule over b. Combining Propositions [53] 
and l3.7l we obtain for each of the spaces £2 = f2a(A),np(A),no,.p(A),£2p ce(A) a map 

£2x£2^a, (co,co') ^co*co':= (a)Klco')oA. (15) 

Theorem 3.10. Let (Aj^ ,A) be a normal Hopf C* -bimodule over b. Then £2a(A), 
Op (A), £2o,.p(A), f2p ci(A) are Banach algebras with respect to the multiplication (115b . 

Proof. It only remains to show that the multiplication is associative, but this follows 
from the coassociativity of A. □ 

3.4 The legs of a C* -pseudo-multiplicative unitary 

Let b = ( j?, <B , QS'^ ) be a C* -base, {H,'^,a,f,)iiC*-{b\b,b^) -module and V : //^ 0a// -> 

Ha®p,H a C* -pseudo-multiplicative unitary. We associate to V two algebras and, if V 
b 

is well behaved, two Hopf C*-bimodules as follows. Let 

Av.:=[(p|2y|a)2]Ci:(//), A^ [(a|iy|p)i] c x(//), (16) 

where |a)2,|P)i C L{H,Hp^®aH) and (P|2,(a|i C L{Ha®p,H,H) are defined as in 
Subsection imi 
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Proposition 3.11. The following relations hold: 

Avo,^A*y, [AvAv]^Av, [AyH] = H = [A*yH], [Ayp] = p = 
[Avp-^m] = [P^mAv] =Av = [Avp„(<8t)] = [p„(*B+)Av], 

Avo„^A*y, [AvAv]^Av, [AyH] = H = [A*yH], [Ayp]-p=KP], 
[Avp^m] = [p^mAv] =Av = [Avp„(<8+)] = [paC8^)Ay]. 

Proof First, we have Ayo. = [(p|2EV*E|a)2] = [(p|iy*|a)i] =A^ and [Ayp] = [(p|2y|a)2p] = 
[(P|2|P>2p] = [Pa(*B^)p] = p because V{^<a) P<p. Similarly, one shows that 
[Ayp] = p, Ayop = Ay, and [Ayp] = p = [AyP]. The remaining equations are a partic- 
ular case of Proposition l4.10l in subsection l4.2l □ 

Consider the *-homomorphisms 

Ay: ppi^y ^L{H-(»aH),y^V*{id®y)V, 

Ay: p^{^)' ^L{Ha(E)^H),z^V{z®id)V*. 

^ b fat 

Proposition 3.12. Ay is a jointly normal morphism ofC*-{b, b^)-algebras (P|3(5B)')^''^ 
and ((pp(*B)j^(>5(xPp(®))')j^^"'''^^'*'^^. ^nd Ay is a jointly normal morphism of C*- 

ib\b)-algebras (p^^B)')^" and ((p^(»)a®pPg('8))')Jf;^f'"l Moreover, Ay»P = 
Adj; oAy and Ayop = Adj; oAy. 

Proof. We only prove the assertions concerning Ay. The relation Ayop — Ad^oAy is 

easily verified. Next, Ay(pB(<B)') C (p|3(Q5) (8)p3(<B))' because y(p|3(Q3) ®Pb(Q5)) 

fat ^ fat 

pp(Q3) ® p3(*B) C id®pp(*B)' by O. To see that Ay is a jointly normal morphism, 

fa P fa 

note that y* la) 1 C l'^v (H,H^®aH) because A(y)y*|Oi ^V*(id(»y)\^)i ^V*\^)iy 

ffat _ _ _ 

forall3/epp(Q3)',^ea, andthata<]a= [y*|a)ia] and P>p = [y*|a}iP] by O. □ 

Under favorable circumstances, ((Ay)^'^, Ay) and ((Ay)^",Ay) will be concrete 
Hopf C*-bimodules. A sufficient condition, regularity, will be given in subsection l5.ll 
Coassociativity of Ay and Ay follows easily from the commutativity of diagram ([8]i: 

Lemma 3.13. //B C pg(!B)' is a C* -algebra, pa{^^)B + p^{^)BCBandAv{B) C 

Bi;*aB, then (B^''^,Ay) is a normal Hopf C* -bimodule over b' . Similarly, if B C 
Pfat 

p^i^Y is a C* -algebra, pp{^)B + Pai^^)B C B and Av{B) C Ba*pB, then (B|",Ay) 
is a normal Hopf C* -bimodule over b. 
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Proof. We only prove the assertion concerning B\ the assertion concerning B follows 
similarly. Let B C pp(Q5)' be a C*-algebra satisfying the assumptions and put A := Ay. 

By Proposition l3.12l we only need to show that (A * \d){A{b)) — (id *A){A{b)) for all 
b ^ B. But this is shown by the following commutative diagram: 

H^^aH^<»aH (A * id)(A(a)) ^ H-x^aH-^^aH ^ 



1^12 ^1*2 1 



□ 



Ha<SiRHa^p,H id®id®fl . Ha<8p,Ha<^RH 

b ^ b b b b ^ 

Pb+ ^ ' b ^ bT b Pf,t ^ b 

Hn(E>aHp(E)aH A(?)(8id ^H^fSaHp^aH 

^b' b' ()t ^bt bt 

1^:23^23 ^2*3^23 f 

^ H'ji^aH-ji'^aH (id * A)(A(a)) ^ H-x^aH-ji^aH 

^b^ ^b^ fbt ^bt 

Using the maps introduced in subsection 13.21 we construct convolution algebras 
Hp OL and Cl^ ^ with homomorphisms onto dense subalgebras Ay C Ay and Ay C Ay, 
respectively, as follows. Let 

Theorem 3.14. i) There exist linear contractions 

^%a®^^.a ii(|5<ip).(ai>a) ((Pp(S)a|'pPp(^B))') , CO ® Co' CO K Co' , 

^a,p®^a.p ^ "(a.a).(M) ((Pp(*S)pgaPp(*S))') > « ® Co' ^ CO K Co', 

such that for all G p°°, r|,r|' £ a°°, G p°° ami eac/z bijection i: N x N ^ 
N, we /iflve co^ M co^' -p' = We 9/ and co^^ H co^i'.^' = co^ k'> where for all m, n G N, 

= \02^m e e;(,„„) = |ri,„)iri;, g ai>a, 

^i{n,.n) = |ii;,)2Tl«. ^ a<aa, k;(,„„) = |C,„>iC G p>p. 

h') 77ie Banach spaces Hp „ ant/ ^ carry f/ze structure ofBanach algebras, where 

the multiplication is given Z7y CO * Co' = (co H Co') o Av and CO * co' = (co H Co') o Ay, 
respectively. 

Hi) There exist contractive algebra homomorphisms Tty : Ap „ —^Ay and %y : D,^ 
Ay such that for all ^ G p°°, r| G a°°, ^ G p°°, 

) ^Y.{^n\2V\y\„)2, "I' («T1,? ) = L 1 1 V I Cn ) 1 • 
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Proof, i) This is a slight modification of Proposition 13.71 and follows from similar 
arguments. 

ii) The existence of the multiplication in ii) follows from i) and Propositions 13.51 
and l3.12l and associativity from coassociativity of Ay and Ay (see the proof of Lemma 

ma. 

iii) This is a special case of the more general Proposition 14. 1 31 which is proven in 
subsection l4.3l □ 

If {{Av)i^ ,!^v) and ((Ay)5^ ,Ay) are Hopf C*-bimodules, they should be thought 
of as standing in a generalized Pontrjagin duality. This duality is captured by a pairing 
on the dense subalgebras 

Definition 3.15. We call the algebra Ay C Ay, equipped with the quotient norm from 
the surjection Jty, the Fourier algebra of V. Similarly, we call the algebra Ay C Ay, 
equipped with the quotient norm from the surjection 7ty, the dual Fourier algebra ofV. 

Proposition 3.16. i) There exists a bilinear map (■!•): A^ x Ay L (R) such that 

&{nv{v)) = (7Iy(C0)|7Iy('U)) = "U (Hy (co)) /or a// CO G £ 

ii) This map is nondegenerate in the sense that for each a S Ay and a £ Ay, there 
exist e Ay and a' G Ay such that (a jo') ^ and {d'\a) ^ 0. 

iii) (7ty(co)7ty(K)')|a) = (oj Kl a)')(Ay(fl)) and (a|7ty(\))7ty(T)')) = (t) Kl T)') (Ay (a)) 
for all (0,C0' G iip.a, a G A^, Xi,v! G H^p, a G Ay. 

Proof, i) If (0 = co^ ^/ and T) = d^^.^i, where ^ G ^',r| G a°°, rj' G then 

co(7iy (i)) ) = ^ (ri„ 1 1 y |ri;, ) 1 = £ 11: (^,„ 1 1 )2ri;, = i) (Xy («) ) . 

ii) Evident. 

iii) For all (0,0)', a as above, (7ty(co)7iy(co')|fl) = (7iy((B * a)')|a) = (co * a)')(fl) = 
(co K Co) (Ay (a)). The second equation follows similarly. □ 

As a consequence of part ii) of the preceding result, we obtain the following simple 
relation between the Fourier algebra Ay and the convolution algebra constructed in 
Theorem 1 3. 101 

Proposition 3.17. // ((Ay)g", Ay) or ((Ay) ^ ,Ay) is a normal Hopf C* -bimodule, 
then we have a commutative diagram ofBanach algebras and homomorphisms 

np,„ ''^ - 4 - ^a,p - A^y 

II |ji II ^Ti 

i2p,„(p^(*B)') 1^ iip_„(Ay) ii„|(PpeB)') ^ 

respectively, where q is the quotient map and % or% an isometric isomorphism. □ 
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3.5 The legs of the unitary of a groupoid 

The general preceding constructions are now applied to the C*-pseudo-multiplicative 
unitary of a locally compact, Hausdorff, second countable groupoid G that was con- 
structed in subsection l2.3l The algebras Ay and Ay turn out to be the reduced groupoid 
C*-algebra C*(G) and the function algebra Co(G), respectively, but unfortunately, we 
can not determine the Fourier algebras Ay and Ay. 

We use the same notation as in subsection 12.31 and let 

Si:^L^{G°,ij), Q5 = <B^:=Co(G*')Ci:(J?), b -.^ (K,^,^^), 
H:^lHg,v), a = ^:^j{LHG,X)), ^ := J{L^iG,X-')), 
V: H^®aH = L^G.XrGy, ^) ^ L^iGrXrGy^^) ^ Ha®RH, 

{V(i)){x,y) = co(jc,jc"V) for all co G Q(G.sX,.G), {x,y) e GrX,.G. 

Denote by m: Cq{G) J^{H) the representation given by multiplication operators, 
and by L' (G, A,) the completion of Cc{G) with respect to the norm given by 

11/11 := sup/ \f{u)\dX"{x) forall /eQ(G). 

Then (G, A,) is a Banach algebra with respect to the convolution product 

{f*g){y)^ [ R{x)f{x-'y)dV'^y\x) forall/,geLi(GA),3'GG, 

and there exists a norm-decreasing algebra homomorphism L : L} {G,X) L (H) such 
that 

(L(/)^) (y) - / , , f{x)D-'/\xMx-'y)dX'iy\x) for all f,^ e C,(G),y G G. 

Jet*') 

For all e L^{G,X) and rj e L^{G,X),y\' £ L^{G,X-^), let 

= (i©|2V|;(^'))2 eA« and a^.^, = £<• 
Routine arguments show that there exists a unique continuous map 

lHg,X)xL^{G,X)^Co{G), (^,^0 *r, 

such that 

= / ^m^'{x-'y)dX'<^Hy) for all £ Q(G),^ G G. 
Lemma 3.18. Let G L^{G,X) and r|,r|' G Cc(G). T/zen a^^/ = m(^*^'*) ant/ 
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Proof. By continuity, we may assume G Cc{G). Then for all ^, ^' G Cc{G), 



(C|%5-C')-(C©;(^)|v(C'@y(^'))) 

CWfWC'W^'(^-'3')drW(3')dv(x) = (C|m(|*^'*)C'), 



(CK,'C')-0-(ii)®C|v(/(V)©C')) 



= (Cli(iTii')C')- □ 

Remark3.19. To extend the formula 13^1, ti' =^^(1111') toallr| GL2(G,A,),r|' gL^(G,A,"'), 
we would have to extend the representation L: Cc{G) J^{H) to some algebra X 
and the pointwise multiplication (ri,r|') ^ rfr|' to a map L^{G,X) x L^(G,X^') X. 
Note that pointwise multiplication extends to a continuous map {G,X)x (G, X) 
L' (G, a,), but in general this is not what we need. We expect that the map L: Ce(G) 
Ay does not extend to an isometric isomorphism of Banach algebras L' (G, A,) Ay. 

The algebra Ay can be considered as a continuous Fourier algebra of the locally 
compact groupoid G. Another Fourier algebra for locally compact groupoids was de- 
fined by Paterson in L25J as follows. He constructs a Fourier-Stieltjes algebra B{G) C 
C(G) and defines the Fourier algebra A (G) to be the norm-closed subalgebra of B{G) 
generated by the set At/(G) := {0^4' | ^ G L^{G,X)}. The definition of B(G) in fSFl im- 
mediately implies that ||7tv(c05.^') IU(G) < ll^llll^'ll for all ^ G a°°,^' G p°° with finitely 
many non-zero components, whence the following relation holds: 



Proposition 3.20. The identity on Acf{G) extends to a norm-decreasing homomor- 



phism of Banach algebras Ay A{G). □ 



Another Fourier space (G) considered in 11251 Note after Proposition 13] is de- 
fined as follows. For each r| G L?-{G,X) and u G G", write ||^„(m)|| := (^„|^„)(m)^''^. 
Denote by M the set of all pairs of sequences in (G, X) such that the supremum 

(^,^')|m := sup„ j.ggoL,, 11^,1 (m) II ||^J,(v)|| is finite, and denote by k (G) the completion 
of the linear span of Acf{G) with respect to the norm defined by 



Proposition 3.21. The identity on Acf{G) extends to a linear contraction — > (G). 
Proof. For all G L^{G,X)°°, we have 

||^1|2= SUp^(^„|^„)(«)= SUp^||^„(«)f, ||^'||2= sup^||^„(v)f, 

uGG" II uGG" n veG" n 

andtherefore|(^,^')|M = sup„,,.,coIJI^«(«)llll^;,(v)||<||^||||^'||. □ 

Let us add that a Fourier algebra for measured groupoids was defined and studied 
by Renault |27|, and for measured quantum groupoids by Vallin 1371 . 
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Finally, we consider the C*-algebras associated to V. Recall that the reduced 
groupoid C*-algebra C* (G) is the closed hnear span of all operators of the L{g), where 
geL'iCX) |26|. 

Theorem 3.22. Let V be the C* -pseudo-multiplicative unitary of a locally compact 
groupoid G. Then ((A\/)^ , Av) and ((Av)j^ ,^v) cire Hopf C* -bimodule and 

Av = m{Co{G)), {Av{m{f))(o) {x,y) = f{xy)(S){x,y), 

Av^C:{G), {Av{L{g))0i'){x',y') = / ^ g{z)D-'/\zW {z'^x' ,z-'y')dr' (z) 

JG" 

for all f <^Q){G), (£> eH-^^aH, {x,y) e GsX,.G and g (£Cc{G), co'eHa^p//, (x',/) e 
Gyy-rG, where u' — r{x') — r(y'). 

Proof. The first assertion will follow from Example l5.3l and Theorem l5.7l in subsection 
15.11 The equations concerning Ay and Ay follow directly from Lemma 13.181 Let us 
prove the formulas for Av and Av. For all /, CO, {x,y) as above, 

(Av(m(/))co)(x,3') - {V*{id©mif))V(0){x,y) 

^ {{id©m{f))V(o){x,xy) ^ f{xy){V(0){x,xy) ^ f{xy)(S){x,y), 

and for all g, {x' ,y'),(o' ,u' as above, 

{Av{L{g)W){x',y') = {V{L{g)©id)V*(0'){x',y') 

^{{L{g)©id)V*Oi'){x',x'-W) 

- / ,g{z)D-'/\z)(V*o,'){z-'x',x'-W)dX'''{z) 

J G" 

= / ,g(z)D-i/2(^)co'(z-iy,z-V)dX"'(z). □ 

4 Representations of a C* -pseudo-multiplicative unitary 

Let G be a locally compact group and let V be the multiplicative unitary on the Hilbert 
space L? (G, X) given by formula (O. Then one can associate to every unitary represen- 
tation 7t of G on a Hilbert space K a unitary operator X on {G,X) K ^ (G, A,; K) 
such that {Xf ){x) = %{x)f{x) for all x £ G and / G L'^{G,X;K), and this operator sat- 
isfies the modified pentagon equation 

Vl2^13-'^23 ~ V23X12. (17) 

For a general multiplicative unitary V on a Hilbert space H, Baaj and Skandalis 
defined a representation on a Hilbert space /iT to be a unitary X on H satisfying 
equation (V% . equipped the class of all such representations with the structure of a 
C*-tensor category and showed that under the assumption of regularity, this C*-tensor 
category is the category of representations of a Hopf C*-algebra (A(„),A(„)) (see |3|). 
In the case where V is the unitary associated to a group G as above, this category is 
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isomorphic to the category of unitary representations of G, and A(„) is the full group 
C*-algebra C*(G). 

We carry over these definitions and constructions to C*-pseudo-multiplicative uni- 
taries and relate them to representations of groupoids. Throughout this section, let 
fa = (il,Q5,<B^) be aC*-base, (//,p,a,p) a C*-(fa^fa,fa')-module and V : H-^®aH ^ 

Ha^s^aH a C*-pseudo-multipUcative unitary. 

4.1 The C* -tensor category of representations 

Let yK^ be a C*-(fa, fa^)-module and X : K^(^aH K^^rH an operator satisfying 

X(Y<a)=Y>a, X(5i>p) = 5<p, X(5i>p)=Y>P (18) 

as subsets of L(R,Ky®RH). Then all operators in the following diagram are well 

fa ^ 

defined, 

X®id \i(^y 

K^(S)aHrs(S>aH , Ky(E)p,H'j;(g)aH ^ Ky(g)QHa(E>P,H, 

fat Pfat fa *^fat ' b b 

\id<»V Xi!Ad\ 
t [it b I 

^8® («■>«) {K^(daH)(^y^a)(S^H (19) 

"bt 'fa ''bt fa 

fa' fa' fa ^ ^'d' 

where the canonical isomorphism E23: [KjiSi^H) ^-^^^^^aH = (/rpY©p)p ~ ^^©a ^ 
(/:p^©a)p(^^„,©p ^ {K^®aH)(^y^a)'»^H is given by (C©^) ©r] h-^ (^©ri) ©t We 

b ' fa 

again adopt the leg notation [3 1 and write 

Xi2forX®id andX®id; for E23(^ ® id)(id®2:). 

b fat fat 

Definition 4.1. A representation ofV consists of a C*-{b, b^)-module jK^ and a uni- 
tary X: K';(^SaH Ky(^RH such that equation ( II8I 1 holds and diagram ( I19l l commutes. 
*fat 'fa^ 

We also call X a representation ofV (on yK-^)- A (semi-)morphism of representa- 
tions {yK^,X) and (gL-^^Y) is an operator T £ L(^s-j{yK^,EL^) satisfying Y(T (Siid) — 

(T (g)id)X. Evidently, the class of all representations and (semi-)morphisms forms a 

b 

category; we denote it by C*-repy . 

Examples 4.2. i) Consider the canonical isomorphisms 

fat fa 

(20) 
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The composition ly :— ^'*ci> is a representation on oj^tgi which we call the 
trivial representation of V. 

ii) The pair {aH-^,V) is a representation which we call the re^wZar representation. 

iii) Let ((y,X~ be a family of representations. Then the operator 

ffl,-X, : ( ffl,- ) ® „// ^ ( ffl,- 4 ) 

corresponding to with respect to the identifications (ffl;/ri ) ®a^/ — 0, (^^'s, 
and ( WiK^.) <X) p// = {K'yi^pH) is a representation on ffl/y./iri . We call it the 
direct sum of (X,)/. 

iv) Let c be a C*-base, Li a C*-c-module, (/r,Y,5,K) a C*-(b, b''', c''')-module, andX 
a representation on yK^. If X(k<i a) = k<i p, then the operator 

id(E)X : Lx(^KK's(g)aH Lx(E)KKy(^aH 

is a representation on x^y{Lx®K:K)-^-^, as one can easily check. 

The category of representations admits a tensor product: 
Lemma 4.3. Let {yK^,X) and (eL-^^Y) be representations ofV. Then the operator 

bt ^fat (,1- b (,1- b 

where I23 = id 07 and where X13 acts like X on the first and last factor of the relative 
tensor product, is a representation of V on yXgiXigii. 

Proof. First, the relations (fTsT i for X and Y imply 

XnY23{y<£<ia)=Xn{y<{e>a)) = (y<]£)i>a, 

Xi3y23(5>?>P) =Xi3(5>(?<p)) = (5l>?)<p, 

W23(5>?>p) -Xi3(5>(e>p)) - (y<je)<p. 

If y is an ordinary multiplicative unitary, then Z:=XMY satisfies Z12Z13V23 = V23Z12 
because the equations Fi2J'i3V23 = V23J'i2, ^12-'^13V23 ~ V23X12 imply Xi3}23^i4J24V34 = 
Xi3Xi4F23i24V34 = -'^i3Xi4V34}23 — ^34X13123; here, we used the leg notation |3 1. A 
similar calculation applies to the general case. □ 

The tensor product turns C*-repy and C*-repy into (C*-)tensor categories, which 
are frequently also called (C*-)monoidal categories ll8l [T4ll20l : 

Theorem 4.4. The category C*-repy carries the structure of a C* -tensor category and 
the category C*-repy carries the structure of a tensor category, where both times 
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• the tensor product is given by {^^y) MY for representations and {S, T) i— > 
S®T for morphisms; 

• the unit is the trivial representation ly; 

• the associativity isomorphism axj,z '■ {XMY)MZ ^XM{Y MZ) is the isomor- 
phism a^ ^ of equation ©/or all representations {%_,X),{l ,Y), (iW ,Z); 

• the unit isomorphisms Ix- Iv MX X and rx'. X Mly X are the isomor- 
phisms Zjf and r^, respectively, of equation ^ for each representation {^,X). 

Proof. Tedious but straightforward. □ 

The regular representation tensorially absorbs every other representation: 

Proposition 4.5. Let (yK-^,X) be a representation ofV. Then X is an isomorphism 

between the representation XMV and the amplification id (EiV on •pa(Ky(!S)RH) -x. 

b ' i,*^ y>P 

Proof. This follows from commutativity of ( fT9l ). □ 

We denote by End(lv) the algebra of endomorphisms of the trivial representation 
ly. This is a commutative C* -algebra, and the category C*-repy can be considered as 
a bundle of C* -categories over the spectrum of Endv(ly) Ii39i . 

Proposition 4.6. End(ly) = {/? G M(<B) nM(<Bl') Pa{b) = p^{b)}. 

Proof First, note that i:(<8%t)is equal toM(<B)nM(<B''") Let 4> and be 

as in ( l20b . Then for each x G i: {<sKrgf), 

X G End(ly ) <^ ^*^{x ® id) = (x ® id)^*4> 

bt b 

■^(^{x®\A)(^* =^'{x®\AyV* <^pa{x) =Pr{x). □ 

bt b 

4.2 The legs of representation operators 

To every representation, we associate an algebra and a space of generalized matrix 
elements as follows. Given a representation X on a C*-(b, fa^)-module yXg, we put 

Ax:=m2X\a)2]<ZL{K) and Ax:=MiX\h)i\Q l{H), (21) 

where |a)2, |5)i, (PI2, (y|i are defined as in subsection l2.1l 

Examples 4.7. i) For the trivial representation (s-ftst , ly), we have Aiy — [P*a] 
andAij, — [p|5(*B)pa(55 ''')]. The space Ai^ is related to the C*-algebra End(ly) 
(see Proposition 14.6b as follows: End(ly) ~ i (f8.ft>gt) H (Ai^,)'. This rela- 
tion follows from Proposition |4!6] and the fact that an element x G i (s-^b" ) = 
M(Q3) C\M{^^) satisfies Pa{x) — 9^{x) if and only if for all r| G P and ^ G a, the 
elements ~ ri*pa(x)^ and xr]*^ = r|*pp(x)^ coincide. 
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ii) For the regular representation {aH^,V), the definition above is consistent with 
definition ( fT6b . 

iii) If {Xi)i is a family of representations and X — ffl,X,, then Ax C H/^x, and Ax — 



Example |42]iv), then A(idg;x) = idx^xAx and A(idg5x) =Ax- 

c C c 

With respect to tensor products, the definition of Ax and Ax behaves as follows: 



The proof involves commutative diagrams of a special kind: 

Notation 4.9. We shall frequently prove equations for certain spaces of operators 
using commutative diagrams. In these diagrams, the vertexes are labelled by Hilbert 
spaces, the arrows are labelled by single operators or closed spaces of operators, 
and the composition is given by the closed linear span of all possible compositions of 
operators. 

Proof of Lemma W^ The following commutative diagrams shows that A = [AxA^]: 




Lemma 4.8. Let {yK-^,X) and (eL^,F) be representations ofV. Then 



A(xm) = [AxAY], [A(xKj')|e)2] = [|e)2Ax], [A*^xm)\^)i] ^ [\^)iA*x]- 




b 



The relations concerning A (x^y) follow similarly. 

We now collect some general properties of the spaces introduced above. 
Proposition 4.10. Let {yK^,X) be a representation ofV. 
i) The space Ax C l (K) satisfies 



□ 



[AxAx]=Ax, [AxK]=K, [Axy] = [yAi,], [AJ5] = [SA^J, 
[AzPg(*B)] - [Ps(»)Ax] -Az - [AxP,(*Bt)] = [p,(*B^)Ax], 



(22) 



and if Ax =^X' ^^^'^ iAx)]f is a C*-(b, b^)-algebra. 



ii) The space Ax C l (H) satisfies 



[Axp] = p, [Axp] = [pr5], [A^a] = [a5*y], [AxAv]^Av, 
[Av{Ax)\m ^ miAx], [Av(A*)|a)i] C [\a),A*^], 
[Axp^m] = HmAx] ^Ax - [AxPaCB^)] = [pa(*B^)Ax]. 



(23) 
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Proof, i) First, [AxAx] = [(p|2(c|3^i2|oc}3|a}2] because the diagram below commutes: 



K z z ^K^ 

|a>2 ||a>2 (Pl2//^ \l«>2 (Pbf (P 

Z-^^aH K^(E)aH ^, Ky(P)aH K^<E)aH Ji_^Ky(g,p,H Ky(g,aH 

bt b' b (C) tit b b 

|l«>2 |a>2\ //(Pis (Pbf 

(ai>a) (^ce «> p^^ ) ^(^^g ® a^/) (Y<,a) «> p^ KyiSiRHa<SiRH 

bt fa Xi3 fat fa fa fa 



l«>3 \vi, V23f 



«|3 



*bt Pbt fa Pb+ 

Indeed, cell (C) commutes because for all ^ e a, r|,r|' e p, ^ e /T, 

I^)2(ii'|2(C©ti) = Py(V*ii)C©^ = P(,.„)(V*ii)(C®^) = (V|3|^)2(C©ii), (24) 

cell (P) is diagram and the other cells commute by definition of Ax and because of 
d?). Next, [(P|2(oc|3Xi2|oc)3|(x)2] — Ax because the following diagram commutes: 

K z 

'l«>2 i|0C>2 (PI2I 

^bt *bt 'b^ 

°uf Put ' b Put 



We prove some of the other equations in (l22] i: the remaining ones follow similarly. 
[AxK] = m2X\a)2K] = m2Xm®aH)] = m2iKy®^H)]^K, 

b ' ^ 

[Axj] = [(P|2X|a)2y] = [(P|2|Y)ia] = Wa] = [yAi,], 
[AxPgCB)] - [(p|2^|a)2P8(»)] = [(P|2^|aS)2] =Ax, 
[p-,mAx] = [P8(»)(p|2^|a)2] = [(p|2(P5(»)®id)X|a)2] 

b ^ 

= [(p|2X(id®pp(5B))|a)2] = [(p|2X|pp(»)a)2] ^Ax. 
fat 

ii) First, [Axp] = [(Y|iX|5)ip] ~ [(y|i|y)iP] = [pf^m^] = P by dH, and similar 

calculations show that [A^P] = [P"/" §] and [A|.a] = [a5*Y]. Next, [A^Ay] ^Axm = Ay 
by Lemma l4~8l Lemma l431 and Example l4.7l iv). The equations in the last line of ( |23T | 
follow from similar calculations as for Ax- 

Finally, let us prove the equations in the middle line of (l23T i. Since Ax C l [H^) C 
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p^(Q3)', Av{Ax) is well defined. Consider the commutative diagram 



i> V* fa' Ax0l b'' V h 




Since the composition on top is Ay (Ax) and the composition on the bottom is ^12^13, 
the following diagram commutes and shows that [Av(Ax)|p}2] = [Ax|P)2]: 



Ax 



H 



IP>2 



jlP>3 



. Ky(g)pH 



IP>3 



(Til 



b bt b b b 



Ay (Ax) 



H 



A similar argument shows that [Av(A^)|a)i] = [|a)iAJ]. □ 

Definition 4.11. We call the C* -pseudo -multiplicative unitary V well-behaved if Ax = 

A*^ for every representation X ofV and Ay — Ay for every representation Y ofV"''. 

Proposition 4.12. IfV is well-behaved, then {{Av)[j ,Av) and {{Av)^ t^v) are con- 
crete Hopf C* -bimodules. 

Proof. By Proposition l3.1 II the assumption implies that (Ay)'^^ and (Av)^" — (Avp)^'" 
are C*-algebras, that Av{Av) CI Aya^fiAy and similarly that Ay (Ay) C Ays*aAy. 

b^ Pbt 

Now, the assertion follows from Lemma l3.13l □ 



4.3 The universal Banach algebra of representations 

Every representation of V induces a representation of the convolution algebra Hp a 
introduced in subsection l3.4l as follows. 

Proposition 4.13. i) Let (yK^,X) be a representation ofV. Then there exists a 
contractive algebra homomorphism %x '■ Hp „ — + Ax such that 

5ix(c05,5') = L(^«|2^lO2 /orfl«^er,^'ea°°- (25) 

n 

ii) Let (yK^,X) and {eL-^,Y) be representations of V andlet T S L(^s^(yK^,i^L^). Then 
T is a (semi-jmorphism from {yK^,X) to (^L^,Y) if and only ifT intertwines %x 
and %Y in the sense that T%x{(o) = %y{'^)T for all CO G Op 
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Proof, i) The sum on the right hand side of dZSl l depends on co^^/ but not on 
because r|* (I„(^„|2^|^;,)2)ri' = «^4'((ri|iX|ri')i) for all rj e Y,ri' e 5. Thus, % is 
well defined by dZST l. It is a homomorphism because for all CO, Co' S Hp T| G y,r|' G 5, 

ri*7IxM7Ix(C0')Tl' = (CO HCO') ((Til 1^12^13 In') l) 

= ((0^(0')((ri|iy23^12V2*3|ll')l) 

= (coK(o')(y((Tl|i^|ri')ipgaicl)y*) 

= (co*(o')((ri|iX|ri')i) =ri*7ix(co*co')ri'. 
ii) Straightforward. □ 

For later use, we note the following formula: 
Lemma 4.14. Ay (7tv(co)) = TZymvi'^) for each co G Hp.a- 

Proof. For all ^ G a°° and ^' G p°°, we have ^v {% {(£>ij .%)) = L„ (^'13^12^23^1*21^)3 = 

I«(^'|3Vl3V23|^)3 =7trav(C0^',^). □ 

Denote by A(„) the separated completion of Hp „ with respect to the seminorm 
co| := sup{||7tx(co)|| I (X is a representation of V} for each co G Hp. a 
and by 7i(„) : iip.a ^ ^(m) the natural map. 

Proposition 4.15. i) There exists a unique algebra structure onA^i,^ such that A (^^^ 
is a Banach algebra and%(^i,^ an algebra homomorphism. 

ii) For every representation X ofV, there exists a unique algebra homomorphism 
Tt^' : A(„) — ^ Ax such that Tt^'' o k^„^ = Kx. 

Hi) IfV is well-behaved, then the Banach algebra A (^^^^ carries a unique involution 

turning it into a C* -algebra such that Jt^^ is a *-homomorphismfor every repre- 
sentation X ofV. 

Proof. Assertions i) and ii) follow from routine arguments. Let us prove iii). For each 
CO G Hp^a and 8 > 0, choose a representation X((0 £) such that (w) || > |co| — e. Let 

X := ffl(o.eX(a,£'j, where the sum is taken over all co G i2p,a and £ > 0. Then evidently 
7t^'' : A(„) Ax is an isometric isomorphism of Banach algebras. We can therefore 

define an involution on A(„) such that 7t^'' becomes a ^-isomorphism. Now, let Y be 
a representation V. Then XSY is a representation again, and we have a commutative 
diagram 

A(„) 



IT 
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where px and pY are the natural maps. Since TV^ is isometric, so is T^xm- 

also has dense image and therefore is surjective, whence px is injective. Since 7t^'\ 

Px, Py are *-homomorphisms, so is H^'^y and hence also 7ty'\ □ 



4.4 Universal representations and the universal Hopf C*-bimodule 

If the unitary V is well-behaved, then the universal Banach algebra A („) constructed 
above can be equipped with the structure of a semi-normal Hopf C*-bimodule, where 
the comultiplication corresponds to the tensor product of representations of V . The 
key idea is to identify A(„) with the C* -algebra associated to a representation that is 
universal in the following sense. 

Definition 4.16. A representation {yK^,X) ofV is universal if for every representation 
(eL^,y) and every ^ e e, ^ G L, r] G there exists a semi-morphism T from {yK-^,X) 
to (gL^jF) that is a partial isometry and satisfies t, e Ty, ^ G TK, r[ G Td. 

Remark 4.17. Evidently, every universal representation is a generator ||20| of C*-rep^ 

in the categorical sense. 

We shall use a cardinaUty argument to show that C*-repy has a universal repre- 
sentation. Given a topological space X and a cardinal number c, let us say that X is 
c-separable if X has a dense subset of cardinality less than or equal to c. Let co := |N|. 
Let us also say that a subrepresentation of a representation {yK^,X) of V is a C*-(b, b^)- 

module gLj such that L C /T, e C y, (|) C 5, wdX{L-T®aH) ~ L^®rH. 

Lemma 4.18. Let {yK^,X) be a representation, c,d cardinal numbers, Kq K, Jq <Z 

y, 5o C 5 c-separable subsets, and assume that the spaces .ft, Q5,*B^,a, P,p are d- 
separable. Put e := CO^^^g'^"- Then there exists a subrepresentation gL^ of {yK-^,X) 

such that Jo C e, 5o C (|), C L and such that L,J,(^ are e(c+ Inseparable. 

Proof. Replacing Kq, yo, 5o by dense subsets, we may assume that each of these sets 
has cardinality less than or equal to c. Moreover, replacing yo and 5o by larger sets, we 
may assume that 05 = [ygyo], 05'^ = [SJSq], and |yo| < c + cot/, |5o| < c + (£>d. 

Now, we can choose inductively Kn C /T, 5„ C 5, y„ C y for n= 1,2,... such that 
for « = 0, 1 , 2, . . ., the following conditions hold: 

i) K„+\ is large enough so that K„ + 5„.ft + y„.ft C \K„+i\, but small enough so that 

\K„+i\ < |/:„| + cofl!(ly„l + |5„|) <coa!(|ii:„| + |y„| + |5„|); 

ii) Yn+i is large enough so that 

Y« + Y«^B + p5('B^)y„ C [y„+i], K„ C [y„+iSi], 
X\a)2y„ c [|y„+i)ia], X|5„)ip c [|y„+i)ip], 
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but small enough so that 

Iy«+i| < |y„|(l+cot/) + co|/:„|+cOii|y„| + cOii|5„| < C0(i(|/:„| + |y„| + |5„|); 
iii) 5„+i is large enough so that 

8„ + 8„Q5' + Py(«^)8« ^ [§«+i], K„ C [5„+iil], X|5„)ip c [|p)25„+i], 
but small enough so that 

|5„+i| < |5„|(l + (0(i) + co|/:„| + (Ocif|5„| <(M{\K„\ + ^n\)- 

Since |Ab| + |Yo| + |5o| = 3c + 2a)t/, we can conclude inductively that for all n = 
0,1,2,..., 

|^^«+i| + |y«+i| + |§«+i| <&d{\K„\ + \^„\ + \^„\) < (c + cot/). 

Therefore, the spaces L [[J^K„], e [UnY"]' 'l^ Un^/i e{c+ l)-separable. 
By construction, ^L-^ is a subrepresentation of {yK-^,X). □ 

Proposition 4.19. There exists a universal representation ofV. 

Proof. Let d and e be as in Lemma 14.181 Then there exists a set X of representations 
of y such that every representation {^L-^,Y) of V, where the underlying Hilbert space 
L is e-separable, is isomorphic to some representation in X . Using Lemma 14.181 one 
easily verifies that the direct sum ffl^ex^ is a universal representation. □ 

Theorem 4.20. Let V be a well-behaved C* -pseudo-multiplicative unitary and let 
{yK-^,X) be a universal representation ofV. 

i) The ^-homomorphismli^^^ : A(j,) Ax is an isometric isomorphism. 

ii) If (i^L-^,Y) is a representation ofV, then there exists a jointly semi-normal mor- 

phism Ttx.F o/C*-(b, h'^)-algebras {Ax)^^, {Ay)']^^ such that liy'^ — %x,y °^x'^- 

iii) Let Ax :=^x.xE3x- Then ((Ax)]^^,Ax) is a semi-normal HopfC* -bimodule. 

iv) TCx.v is a morphism of the semi-normal Hopf C* -bimodules {{Ax)]f,Ax) and 

v) Let (gL^,}') be a universal representation ofV and define Ay similarly as Ax. 

Then Kxj is an isomorphism of the semi-normal Hopf C* -bimodules {{Ax)]f ,Ax) 
and {{Ay)i'^ ,Ay). 
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Proof, i) Let CO G iip,a' let (eL^,F) be a representation of V , and let ^ G L. Since 
X is universal, there exists a semi-morphism T from X to F that is a partial isom- 
etry and satisfies C e TL. Then by Proposition gH ||7t}'(co)^|| = ||7ty(ra)rr*C|| = 
||rjtx(co)r*^|| < ||7Ix(k)) II IICII- Since Y and ^ were arbitrary, we can conclude that 
||jt(„)(a)) II < ||JtA'(K))|| and hence that Tt^''' is isometric. 

ii) We have to show that tlx.y '■= ^y"' "'^x' ' ^ jointly semi-normal morphism 
of C*-(b, b^)-algebras. Let ^ G e and r| G (|). Since X is universal, there exists a semi- 
morphism T fromX to Y such that ^ G Ty and r| G r5. By Proposition l4.13l TtY{(si)T = 
7tx(K))r for all CO G ilp,a' hence T G i"^ *^ (yXgjeL^). The claim follows. 

iii) We need to show that Ax is coassociative. We shall prove that (Ax * id) o Ax = 

^xxKXKlx- and a similar argument shows that (id * Ax) oAx = ^xxKlxKx- Let 5.r be 

semi-morphisms from X toXMX. Then R:^ (5 ® id) o r is a semi-morphism from X 

lit 

to X MXMX, and a generahzation of Proposition ^. 13l ii) shows that for each CO G iipa^ 
(Ax * id) (Ax (Hx (CO) ) ) • 7? = (5 ® id) • Ax (Tlx (CO) ) • r 

bt bt 

= 7;-7tx(CO) =7tx.XKlXKx(C0) 

Since S and T were arbitrary and X is universal, we can conclude that (Ax * id) o 

^ b"l" 

Ax(Jtx(co)) = nx,xKxKix(co). 

iv) We have to show that (tix v * t^x v) ° = °t^x v ■ Let CO G iifi a and S G 

' bt ' 

L''^-^(K^,H^), T G L''^-v(Ky,Ha). ThenR - (5® T) satisfies 7? (X KIX) = (VMV)R, 

^ P bl- 
and using Lemma R. 141 we find 

(7tx,v * 7tx,v ) (Ax (Hx (co) )•/? = /?■ Ax (Hx (co) ) 

bt 

= R ■ Kxm (co) = Tivmv {&)-R = Ay (nv (co) ) • 

Since S and T were arbitrary, we can conclude {kx v *^xv) (Ax (^x (co) ) = Av {kv (co) ) . 

v) We have to show that {kx y * ^x y) ° Ax = Ay oKxy- Let CO G £2b a and S G 

' bt ' 

L^^^'UKi^H-r), T G L^>'-^{Ky,H^). ThenT? (5(g)r) satisfies R{XMX) = {YMY)R, 

* * bt 

and using Proposition l4.13l we find 

{%.Y * Tixj)(Ax iTix{&))-R = R- Ax [nx (co)) 

= R ■ Kxm (co) = TiYmY {&)■ R = Ay {%{&))■ R. 

Since S and T were arbitrary, we can conclude (tix,)' *^x,}')(Ax(7tx(co)) = {Ay {Ky {(o))) ■ 

□ 
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4.5 Corepresentations and W^* -representations 



The notion of a representation of a C*-pseudo-multiplicative unitary can be dualized 
so that one obtains the notion of a corepresentation, and adapted to W*-modules in- 
stead of C*-modules so that one obtains the notion of a lV*-representation. We briefly 
summarize the main definitions and properties of these concepts. 

A corepresentation of V consists of a C*-(b, b^)-module yK^ and of a unitary 

X: Hp^(g)yK ^ Ha<E)dK that satisfies X (a <y) ^ a>j, X{^<ij) = p<]5,X(pi>5) = p<5 
and makes the foUowing diagram commute: 




where Vi2,^i3,-'^23 are defined similarly as in subsection 14. II A (semi-)morphism of 
corepresentations {yK^,X) and (eL(j,,7) is an operator T G L(^^.){yKi„ELi^) satisfying 
y(id®r) = {id(^$T)X. Evidently, the class of all corepresentations V with all (semi- 

)morphisms forms a category C*-corepy'. One easily verifies that there exists an iso- 
morphism of categories C*-corepy^ — > C*-repy],, given by {yK^,X) ^ (yK^jLY*!.) 
and T T. Thus, all constructions and results on representations carry over to corep- 
resentations. In particular, we can equip C*-corepy with the structure of C*-tensor 
category and C*-corepy with the structure of a tensor category. 

Replacing b by the W*-base |b] and C*-modules by W*-modules (see ||3T|) in 
definition 14.11 we obtain the notion of a VK*-representation. If we reformulate this 
notion using correspondences instead of lV*-modules, the definition reads as follows. 
A W* -representation of V consists of a Hilbert space K with two commuting non- 
degenerate and normal representations o: *B — *■ J^{K), a: 03^ — *■ l{K) and a unitary 
X e L{K^Qa,Ka©^) that satisfies X(o(/7') ©id) = {id©pa{b^))X, X{id©pp{b)) = 
(g(fe) @id)X, X(id©p^(Z7)) = (id@p^(Z7))X for all b'' e^\be^ and that makes the 
following diagram commute. 



|id@y X@id| 

^s©«pp©« — (/:c©P)c@id@a 



where 1.2^ denotes the isomorphisms that exchange the second and the third factor in 
the iterated internal tensor products. Here, normality of a, a means that they extend 
to the von Neumann algebras generated by *B and *B^, respectively, in L {R). A mor- 
phism of W*-representations (/r,o,a,X) and (L,T,T,y) is an operator T £ l{K,L) 
that intertwines a and T on one side and d and T on the other side, and satisfies 
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Y{T ©id) — [T ©\d)X. Evidently, the class of all W*-representations of V forms a 
category W*-repy. One easily verifies that there exists a functor C*-repy ' W*-repy 
given by [yK^^X) i-^ [K, py, pg,^) and T ^ T. Using a relative tensor product of W*- 
modules (see |31 1), one can equip W*-repy with the structure of a C*-tensor category 
similarly like C*-repy and finds that the functors above preserve the tensor product. 
Finally, one can consider W*-corepresentations of V which are defined in a straight- 
forward manner. 

4.6 Representations of groupoids and of the associated unitaries 

Let G be a locally compact, Hausdorff, second countable groupoid with a left Haar 
system. Then the C*-tensor category of representations of G is equivalent to the C*- 
tensor category of corepresentations of the C* -pseudo-multiplicative unitary associated 
to G, as will be explained now. We use the notation and results of subsections 12 . 3 1 and 

ESI 

K:=L^{G'^,Ij), Q5 = <B^ :=Co(G'') Cx(il), b := (j?,«B,*B' ), 
H:=L\G,v), a = ^:=j{LHG,X)), ^ := J{l'{G,X-')), 

V: H^^aH ^ L^{G,XrGy, ,) ^ L^iGrXrGy,,) ^ Ha(S)^H, 
^'[,t ' b 

{Vo)){x,y) = co(x,x"V) for all (O G Q(G, x,.G), {x,y) e GrXyG, 
CoiG)^AvCL{H), c:.{G)=AvCL{H), 
p^^s*: Co{G'')^CbiG)^L{H), p„ - r* : Co(G°) ^(G) ^ i (//), 

and fix further notation. Let X be a locally compact Hausdorff space, E a Hilbert C*- 
module over Co{X) and x e X. We denote hy x^: C(X) — > C the evaluation at x and by 
Ex:=E C the fiber of E at x; this is the Hilbert space associated to the sesquilinear 
form (r|,r|') ^ (r||r|')(x) onE. Given an element t,£E and an operator T G Xq(-jic)(£'), 
we denote by t,^ ©j^,. 1 G E^ and := T ©j^^ idc G L {Ex) the values of ^ and T, 
respectively, at x. Given a locally compact Hausdorff space Y and a continuous map 
p: Y ^X,the pull-back of E along p is the Hilbert C*-module p*E := E Cq{Y) 
over Co{Y), where p* : Co{X) M{Co{Y)) denotes the pull-back on functions. This 
pull-back is functorial, that is, if Z is a locally compact Hausdorff space and q: Z ^Y 
is a continuous map, then {poq)*E is naturally isomorphic to q*p*E. For ^, T as above 
and ally G Y, we have {p%)y = ^p(v) and {p*T)y = Ty. 

The first part of the following definition is a special case of lITsl Definition 4.41: 

Definition 4.21. A continuous representation of G consists of a Hilbert C* -module 
E over Co(G'') and a unitary U G ilcp(G)(s*£', ?"*£■) such that UxUy — Uxy for all 
{x,y) G GsX,G. We denote by C*-repQ the category of continuous representations of 
G, where the morphisms between representations {E,Ue) and {F,Uf) are all operator 
T e J^Co{G»)iE^F) satisfying Ufos*T = r*T oUe in Lc^(c){s*E ,r*F). 
The verification of the following result is straightforward: 

Proposition 4.22. i) Let {E,Ue) and {F,Uf) be continuous representations of G 
and represent Co{G^) on F by right multiplication operators. Then [E ©F)x — 
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Ex® Fx for all x G G, and there exists a continuous representation Ue MUf of G 
on E ©F such that {Ue K1 Uf)x — {Ue)x ® {UF)xfor all x G G. 

ii) If Si is a morphism of continuous representations {Ei,Ui,E) and {Fi^Ui^p) for 
i = 1,2, then S\ ©S2 is a morphism between {E\ ©E2,U\,e ^U2,e) o.nd {F\ © 

F2,Ui^F^U2.f)- 

Hi) The category C*-rep(5 carries the structure of a C* -tensor category such that 

• the tensor product is given by the constructions in i) and ii); 

• the associativity isomorphism fl(£,.t/|).(£2,£/9), (£3,(73) ^'^^ canonical isomor- 
phism {El ©£2)©£3 ^£1 © (£2®£3)/oVfl^/(£l,^/l),(£2,^/2),(£3,^/3); 
• the unit consists of the Hilbert C* -module Co{G^) and the canonical iso- 
morphism s*Co(G°) ^ Co(G) ^ r*Co(G°); 

• the isomorphisms I (^E,u) '^"'^ '"(£.£/) are the canonical isomorphisms Co{G^)Q 
E ^E =E©Co{G°) for each {E,U). □ 

Define pi,p2,m: GsXrG ^ G by pi{x,y) = x, p2{x,y) = y, m{x,y) — xy and 
ri,t,S2 '■ GsXrG G" by ri{x,y) = r{x),t{x,y) = s{x),S2{x,y) = s{y). Then we have 
a commutative diagram 

(27) 

G 

1' 

Lemma 4.23. Let E be a Hilbert C* -module over Co{G'^) andU € Lc^(G){s*E,r*E). 
Then UxUy = Uxy for all x,y G G.s x ^G ;/ and only if m* U is equal to the composition 

S2E > t E > r^E. 

Proof {{p\U){plU))(x.y) - UxUy, {m*U)(x,y) = Uxy for all {x,y) G G,x,G. □ 

We need the following straightforward result which involves the operators defined 
in Q: 

Lemma 4.24. Let p: Y X be a continuous map of locally compact Hausdorff 
spaces, let L be a Hilbert space with a nondegenerate injective *-homomorphism 
Cq{Y) ^ L {L), and let y be a Hilbert C* -module over Cq{X). 

i) There exists an isomorphism of^^^: L© /*Y— > Lf*©"^ of Hilbert spaces given 
by^©{i=©pg)^g^p©i=. 

ii) There exists an isomorphism^j^y'. /*Y^ ['"^ {"{)Cq{Y)](~ L{L,Lp©"{) of Hilbert 
C* -modules over Cq{Y) given by^©f*gi—>r^ {^)8- 

Hi) For all U G J^Co(Y){f*j) and CO G f*J, we have (i>l^{idL©U){<t>l^)*^'ly{(a) = 
^>[^{U(S)) in L{L,Lp©y). □ 
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To each representation of G, we functorially associate a corepresentation of V: 

Proposition 4.25. i) Let {E,U) be a continuous representation of G. Put K := 
^QE and identify E with the subspace J — 5 :— {rfi{t,) \ ^ £ E} C_ L {R,K) via 
^ ^ '"^(^)- Then yKg is a C*-(b, b^)-module, we have canonical identifications 

H,*©E=Hp.&j^H'js(g,yK, Hr-©E ^Hp^©5^Ha(E)5K, 

and yK^ together with the unitary X : = y(id// ©f/)'t>^ yform a corepresenta- 
tion F{E,U) := {yK5,X) ofV. 

ii) Let T be a morphism of continuous representations (E,Ue), {F,Uf) of G. Then 
FT := idj^ ©T is a morphism of the co representations ¥(E,Ue), F(F, Up). 

Hi) The assignments {E,U) i-^ F(£',L') and T ¥T form afunctorF: C*-repf; —>■ 
C*-corepy. 

Proof, i) The assertion on yK^ is easily checked. In L (H ,Ha®5K), we have 

b 

<I>^,^(id„®f/)(4>^_^)*[|Y)2Co(G)]=<I>^,^^(id^©f/)r„(/Y) 

= ^'H,^rH{Us*y) = 'P'H.yrH{r*y) - MiCoiG)]. 

Note here that r// ( • ) denotes the operator defined in (|2]l, while r denotes the range map 
of G. Using the relations y = 5 and a = p = [Co{G)a], we can conclude 

X[\y)2a\ ^ [|Y)2a] = [|a)iY], X[|y)2P] = [|5)2P], X[|P)i5] ^X\\m\ ^ 

To finish the proof, we have to show that diagram (l26T i commutes. We apply Lemma 

l4.24l to the maps p — ri,t,S2'. G^XrG — *■ in diagram (|27] |. the space L = H-s^aH 

P bl- 
and the representation Co(GiXrG) — ^ J^{L) given by multiplication operators, use the 
relations r*^ = P(a<a) ^"d Sj = P^p^'^y ^nd find that is equal to the composition 

4-*@Y ^i@4Y =-^L©f Y ^L©riY — ^^^^©7, 

which coincides by Lemma |4!23] with <I>2'^(idz,@m*f/)(4>[^^)*. Since Vi*2/?2(/)^i2 = 

A(/(/) = OT*/ for all / e Co(G), this composition is equal to yf2''^23Vi2- 

ii), iii) Straightforward. □ 

Conversely, we functorially associate to every corepresentation of V a representa- 
tion of G. In the formulation of this construction, we apply Lemma l4.24l to Y ~G and 

L = H. 

Proposition 4.26. i) LetX be a corepresentation ofV on a C*-(b, b^)-module yK^. 
Then J — 5, X[|y)2Co(G)] = [|y)2Co(G)], and J together with the unitary U := 
^"fj yX(^'li y)* ; s*j^ r* J form a continuous representation G{yK^,X) := (j^U) 
ofG. 
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ii) If T is a morphism of corepresentations {yK^,X) and {{,Lif,Y), then the map 
GT : y— > e, ^ I— > Tt,, is a morphism of the continuous representations G{yK^,X), 
G{^L^,Y). 

Hi) The assignments {yK^,X) G{yK^,X), T t-^ GT form a functor G : C*-corepy — 
C*-repG. 

Proof i) Since a = p and [|a)iy] =X[|y>2a] =X[|y}2p] = [|5)2p] = [|P)i5] as sub- 
sets of L{R,Ha®hK), we can conclude y = [p5(S)y] = [(a|i|a}iy] = [(a|i|p)i5] = 
ti 

[pg('B)5] = 8. The relation X[|y}2Co(G)] = [|y)2Co(G)] will follow from Example 
I5.3l ii) and Proposition |53] Finally, X = (^'j^ ^{idn ©U)^\j and reversing the argu- 
ments in the proof of Proposition 14.251 we conclude from X\2X\t, — V^2^2?y\2 that 
p\U o P2U — m*U. By Lemma l4.23l f/ is a representation on y. 

ii), iii) Straightforward. □ 

We define an equivalence between C*-tensor categories to be an equivalence of the 
underlying C*-categories and tensor categories |20|. 

G 

Theorem 4.27. The functors C*-rep(j ^ C*-corep;/ extend to an equivalence of C*- 

F 

tensor categories. 

Proof. Lemma l4.24l iii) implies that the functors F, G form equivalences of categories. 
The verification of the fact that they preserve the monoidal structure is tedious but 
straightforward. □ 

Remark 4.28. Let us note that a similar equivalence holds between the categories of 
measurable representations of G and W*-corepresentations of V. 

5 Regular, proper and etale C* -pseudo-multiplicative 
unitaries 

In this section, we study particular classes of C* -pseudo-multiplicative unitaries. As 
before, let b = (J?, 05, <B^) be a C*-base, let (H, P, a, P) be a C*-{b\ b, b^)-module, and 
let V : H^®aII IIa®p,II be a C* -pseudo-multiplicative unitary. 

5.1 Regularity 

In [|3], Baaj and Skandalis showed that the pairs (Av,Av) and (Ay,Av) associated to 
a multiplicative unitary V on a Hilbert space H form Hopf C*-algebras if the unitary 
satisfies the regularity condition [(//|2V|//}i] = KiH)- This condition was generalized 
by Baaj in [ 1 , 2] and extended to pseudo-multiplicative unitaries by Enock 1 10|. 

We now formulate a generalized regularity condition for C*-pseudo-multiplicative 

unitaries and show that the pairs ((Av/)^'^, Ay) and ((Ay)^ ,Ay) associated to such 
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a unitary V in subsection 13.41 are concrete Hopf C*-bimodules if V is regular. This 
regularity condition involves the space 

Cv:^[{a\iV\a)2]^L[H). 

Proposition 5.1. We have 

\CvCv] ~ Cy, Cyop — Cy, [CyCt] = Ct, 

[CvP^m = [ppmCv]^Cv = [Cypp(<8)] = [Pp(»)Cv]. 

Proof. The proof is completely analogous to the proof of Proposition [TTTJ for exam- 
ple, the first equation follows from the commutativity of the following two diagrams: 



H 



■|a>2 ||a>2 <«li// 



H 



|l«>3 



tl 

l«)3 



l«>2 



(all 



Cv 



Pi-t Pi. 



bt ''bt 

|a)2 

^^p®(at>a)(^a®p//) 



b'^ ^b' 



Vl3 



V23 



("lit 
.Ha<E>RH 

b 



b b 



(all 
b 



Vn\ (a|2 
(^P®«^)(a<a)«'p^^ 



a)2 



'bt 



H 

f'bt 



Cv 
V 



H 



(alif 



|a>2 



(abf 



b 

(abf 



H 



B-(ap.a)(^a<»p//)_!^(//3®a//)(a<ia)<»p^^ H 



'bt 



Definition 5.2. A C* -pseudo-multiplicative unitary (b,i/,p,a,P,y) is semi-regular;/ 
Cv ^ [aa*], ant/ regular i/Cy = [aa*]. 

Examples 5.3. i) By Proposition 15.11 V is (semi-)regular if and only if V"'' is 
(semi-)regular. 

ii) The C* -pseudo-multiplicative unitary associated to a locally compact Hausdorff 
groupoid G as in Theorem 12.71 is regular To prove this assertion, we use the 
notation introduced in subsection 12.31 and calculate that for each G Cc{G), 
CeC,(G)CL2(G^v),3'eG, 



{M')Mn){y)^^'{y) y^_^^^^(x)CWdrW(x). 

Using standard approximation arguments, we find [(ajiV |a}2] = [5(Q(GrX,.G))] 
[aa*] , where for each co G Q {Or x ,.G), the operator 5(co) is given by 

(5((0)C)W = / , ^ co(^,y)CW«frW(x) for all C e ^(G),^ e G. 
Jet'') 
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iii) In 135^, we introduce compact C*-quantum groupoids and construct for each 
such quantum groupoid a C*-pseudo-muhiphcative unitary that turns out to be 
regular. 

We shall now deduce several properties of semi-regular and regular C*-pseudo- 
multiplicative unitaries, using commutative diagrams as explained in Notation |4.9l 

Proposition 5.4. IfV is semi-regular, then Cy is a C* -algebra. 

Proof. Assume that V is regular. Then the following two diagrams commute, whence 

[CvCl] = [(a|i(a|iy23|a)i|a)2] =Cv.: 



|a)2 



b ^ 



H 



ci 



H 



H 



Cv 



H 



|a)i b 



(a|2 



{all 



|a>i 



l">3 
l">3 



(a|: 



{«|2 



1^23 

. Hois' (a^a){Ha'Si^H) 
^b^ b 

\Vl3 

r UT h 



(all 



V23 



y, b b 



I 1 la) I 

l|a>2 {a|,t ^ I 

H^(^aH V ^ Ha(SRH Ha^RH 

P(,t b^ b*^ 

||a)i |(a|i 
b ffat b^ b^ 

Now, assume that V is semi-regular Then cell (R) in the first diagram need not com- 
mute, but still [|a)2(a|2] C [(a|2V23|oc)3] and hence [CyCy] C [(a|i(a|iV23|a}i|a)2] = 
Cy. A similar argument shows that also [C^Cy] C Cy, and from Proposition 13 . 1 1 1 and 
im Lemme 3.3], it follows that Cy is a C*-algebra. □ 

Proposition 5.5. Assume that Cy = Cy. 

i) Let {yK^,X) be a representation ofV. Then {Ax)]f is a C*-(b, b^)-algebra. 

ii) (Ay)'^^ is a C*-(b, b^)-algebra and (Ay)^" a C*-{b\ b)-algebra. 
The proof uses the following central lemma: 
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Lemma 5.6. Let [yK-^.X) be a representation of V . Then [X{\®Cv)X*\^)2] = [|p)2A|.]. 

Proof. The following diagram commutes and shows that we have ®Cv)^*|p)2] — 
[|P)2(a|2X*|P)2] = [|P)2Ai]: 



||P>2 

b b Pf,t b b 



b+ b+ '^bt 



(P) 



I 1® 



1^23 



ht b' ^ w b ht 



'bt 



{a\2 



IP>2 



bT 

(a|2j 

— 



Indeed, cell (P) commutes by ST9[ . and the remaining cells because of (fTsT i or by 
inspection. □ 

Proof of Proposition \5.5\ i) By Proposition l4.10l it suffices to show that = A^- But 
by Proposition glO] and LemmaEg] = [pa(»'^)AJ] = [(P|2|P)2A^] = [(P|2^(l 

Cy)X*|p)2]. 

ii) Statement i) applied to {yK^,X) = (ai/^,y) yields the first assertion. The second 
one follows after replacing V by V"'\ where we use Propositions 13.111 and 15.11 □ 

The main result of this subsection is the following: 

Theorem 5.7. IfV is semi-regular, then ((Ay)^''^, Ay) and ((Av)^",Av') are normal 
Hopf C* -bimodules. 

Proof. We prove the assertion concerning ((Ay)^''^, Ay); for ((Ay)^", Ay), the argu- 
ments are similar. By Proposition l5.5l (Ay)^''^ is a C*-(b, b^)-algebra, and by Proposi- 
tion l4.10l appHed to Ay<v = Ay = Ay, we have Ayo;. (Ay) C [Av\ * a[Av). Now, the 

Pb + 

claim follows from Lemma [3.13l □ 

We collect several auxiliary results on regular C*-pseudo-multiplicative unitaries. 
Proposition 5.8. Assume that V is regular 

i) Let {yK-^,X) be a representation of V . Then \X\a)2Ax\ ~ [|p)2Ax] and [X|5)i Ay] = 
[|Y>iAy]. 

ii) [V\a)2Av] = [|p)2Ay] and [y|p)iAy] = [|a}iAy]. 
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Proof. Using Lemma 15.61 and the relation Ax = A J (Proposition 15.51 1. we find that 

[X\a)2Ax\ = [X\a)2{a\2X*\m = [^(1 ®Cv)X*\^)2] = [|P)2Ax]. 

Replacing {yK-^^X) by (a//j^,y), we obtain the first equation in ii), and replacing V 
by V"P and using Proposition ITU] we obtain [Ey*E|a)2A^] = [|p)2A^], which yields 
[V\f)xAv] = [\a)iAv]. 

Finally, let us prove the equation [X|5)iA(/] = [|y}iAv]. The following commutative 
diagram shows that [Xi3|5}i |a}iAv] = [|a)2|y)iAv]: 



H 



H 



\V \V23 

Moreover, also the following diagram commutes. 



Xl3 



Av 



H 



Pp(25) 
Av 



H 



X|8>i 



. Ky®^H ; 



lT>i 



and hence [X|5)iAv] = [(a|2Xi3|5)i|a)i] = [(a|2|a)2|Y)iAv] = [|Y)iAy]. 

The last result in this subsection involves the algebras Aiy = [p*a] and Ai^^p 
[P*a] associated to the trivial representations of V and V"^, respectively. 

Proposition 5.9. IfV is regular, then [PAi^,] = [oAi^] and [pAi^„p] = [aAij^„p]. 
Proof. The following diagram commutes 



□ 



Si- 



P 



H 



J? 



llP>2 



and shows that [PAij,] = [PAJ^^] = [pa*p] = [aa*p] = [oAj^] = [oAiy]. The second 
equation follows by replacing V with V"''. □ 
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5.2 Proper and etale C* -pseudo-multiplicative unitaries 

In f3l, Baaj and Skandalis characterized multiplicative unitaries that correspond to 
compact or discrete quantum groups by the existence of fixed or cofixed vectors, re- 
spectively, and showed that from such vectors, one can construct a Haar state and a 
counit on the associated legs. We adapt some of their constructions to C*-pseudo- 
multiplicative unitaries as follows. 

GivenaC*-b('^)-module%letM(Y) = {r L{ii,K) \ rs'^") C 7,7*7 C 03^}. 

Definition 5.10. A fixed element /or V is an operator y\ e M(p) C\M{a) C l{K,H) 
satisfying V\r[)i — \v[)i. A cofixed element /or V is an operator t, G M(a) nM(p) C 
L {R,H) satisfying V|^)2 — |^}2- W'e denote the set of all fixed/cofixed elements for V 
by Fix{vyCofix{V). 

Example 5.11. Let us consider the C* -pseudo-multiplicative unitary associated to a lo- 
cally compact, Hausdorff, second countable groupoid G in subsection l2.3l We identify 
M{L^{G,X)) in the natural way with the completion of the space 

|/ G C(G) r: supp/ ^ G is proper, sup^ggo /g„ \f{x)\^dX"{x) is finitej 

with respect to the norm / ^ sup^^po [Jq„ \f{x)\^dX"{x))^^^. Similarly as in ll34l 
Lemma 7.11], one easily verifies that 

i) Tjo (iM{L^{G,X)) is a fixed element for V if and only if for each u G G^, i1o|g"\{h} - 
almost everywhere with respect to X"; 

ii) ^0 & M{L^{G,X)) is a cofixed element for V if and only if ^q{x) ~ '%q{s{x)) for 
all X G G. 

Let us collect some easy properties of fixed and cofixed elements. 
Remarks 5.12. i) Fix(y) = Cofix(y"'') and Cofix(y) = Fix(y"'^). 

ii) Fix(y)*Fix(y) and Cofix(y)*Cofix(y ) are contained in M( 03) nM(Q3'^). 

iii) The relations Fix(y) C M(p) nM(a) imply pa(*B''')Fix(y) = Fix(y)Q3'^ C p 
and Pj^(Q3)Fix(y) = Fix(y)Q3 C a. Likewise, we have pp(Q3)Cofix(y ) C a and 

Pa(«Bt)Cofix(y) C p. 
Lemma 5.13. Lef G Cofix(y) andx\,x{ G Fix(y). Then 

{^m^)2 = Pa(r^') = Pp(r^'), = Pp(llV) = Pa(llV). 

Proof Let C £ H. Then (^|2y|^')2C = m^)2^ = Pa(^*^')C and ((^|2V|^')2)*C = 
(^'|2|^}2C — Pp((^')*^)C- The second equation follows similarly. □ 

Proposition 5.14. i) p^(M(<B))Cofix(y) C Cofix(y) flnt/p|5(<B)Fix(y) C Fix(y). 
ii) [Cofix(y)Cofix(y)*Cofix(y)] = Cofix(y) and [Fix(y )Fix(y)*Fix(y)] = Fix(y ). 

Hi) [Cofix(y)*Cofix(y)] anc/[Fix(y)*Fix(y)] areC*-suhalgehrasofM{%)V\M{%'^); 
in particular, they are commutative. 
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Proof. We only prove the assertions concerning Cofix(y); the other assertions follow 
similarly. 

i) Let T e M(«B) and ^ e Cofix(y ). Then pp(r)^ C M(p) nM(a) because Pp(Q3)P C 
(3 and Pp(Q5)a C a. The relation y(p>p) = a i> P furthermore implies 

ii) Using i) and the relation Cofix(y ) C M(P), we find that 

[Cofix(y)Cofix(y)*Cofix(y)] c [Cofix(y)M(Q3''')] 

= [Pp(M(<B^))Cofix(y)] c cofix(y). 

Therefore, [Cofix(y)*Cofix(y)] is a C*-algebra and Cofix(y) is a Hilbert C*-module 
over [Cofix(y)*Cofix(y )]. Now, ifTTl p. 5] imphes that the inclusion above is an equal- 
ity. 

iii) This follows from ii) and Remark l5.12l ii). □ 

Definition 5.15. We call the C* -pseudo-multiplicative unitary V etale i/T|*r| — idj^ 
for some r| e Fix(y), proper ift,*t, = idj^for some t, e Cofix(y), and compact if it is 
proper and 58, are unital. 

Example 5.16. The C* -pseudo-multiplicative unitary associated to a locally compact, 
Hausdorff, second countable groupoid G (Theorem l2.7l i is etale/proper/compact if and 
only if G is etale/proper/compact. This follows from similar arguments as in lf34l 
Theorem 7.12]. 

Remarks 5.17. i) By Remark l5.12l V is etale/proper if and only if V"'' is proper/etale. 

ii) If y is proper, then id// G A\/; if y is etale, then id// G Ay. This follows directly 
from Lemma l5.13l 

The first main result of this subsection shows how one can construct a counit on 
{{Av)[j ,Av) from a fixed element for V. 

Tlieorem 5.18. Let V be an etale C* -pseudo-multiplicative unitary. 

i) There exists a unique contractive homomorphism e: Ay Ai such that TTi = 
eoTIy: ilp.a Ay. 

;/) Assume that V is regular Then e is a jointly normal morphism from (Ay)^ to 
(Ai)^'*^ and a bounded counit for ((Ay)^''^, Ay). 

Proof Choose an rjo G Fix(y) with rigrjo = idj? and define e: Ay hy a i-^ 

rijario. Then e is contractive. For all ^ G a,ri G P,C G 

(iil2V|^)2iioC - (iil2V(Tio©^Q - {^\2{^o©m=^o{^%%, 

and hence 7ty (a))rio = rioHi (co) for all co G Op^a. Inparticular, e(7ty(co)) = rjjHy (co)rio = 
ri5rio7ti(co) =7ii(co). 
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Assume that V is regular. Then e is a morphism as claimed because by construc- 
tion, e is a *-homomorphism, r|Q G L'^{aHp<s^ts^), and [riga] 3 [ri^rio^B] = *B and 

[■PoP] 3 [ilo^o*B^] = 03^. It remains to show that diagram (fT4l l commutes. Clearly, 
(e * id)(jc) = (rio|iJc|rio}i and (id *e)(x) = (rio|2Jc|rio)2 foralljc e (Av)jj * a(Av). Now, 

the left square in diagram ( fT4l i commutes because for all a e Ay, 

(rio|iAv/(a)|rio}i = (r|o|iy*(l ®a)y|rio)i = (rio|i(l ®fl)|r|o)i = pp(riSrio)a = a. 

(i b 

To see that the left square in diagram (fT4l l commutes, let r| G p,^ G a and consider the 
following diagram: 



H 



lno>2 



|ll0>2 (*) 



Ino) 



b 

{TI0I2 



(■nob 



Pfet Pb+ Pb+ Pfat ^ ^b*^ Pfct 



A((lll2V|5>2) 



The lower cell commutes by Lemma l4.14l cell (*) commutes because V23|ilo)2 = |ilo)2, 
and the other cells commute as well. Since r] G p and ^ G a were arbitrary, the claim 
follows. □ 

As an example, we consider the unitary associated to a groupoid (subsection l2.3b . 

Proposition 5.19. Let G be a locally compact, Hausdorjf, second countable groupoid 

and let V : H^(E)aH —>■ Ha,®p,H be the associated C* -pseudo-multiplicative unitary. 
Pb^ b 

i) Let G be etale. Then V is etale, Ay = Co{G), Ai = Co{G^), and e: Ay — > Ai is 
given by the restriction of functions on G to functions on G". 

ii) Let G be proper Then V"'' is etale, Ay = Ayop =^ C* (G), and for each f G Cc{G), 
the operator t{L{f)) G l{L^{G^,ij)) is given by 



(e(L(/))C)(«) = / /(x)D-i/2(x)C(^W)dX«(x) /ora//CeL2(G«,A') 

JG" 

Proof For all G Q(G), C e L^{G^,^i) and u G G", we have by Lemma[Tl8] 
(e(m(|*r))C)(«) - (e(%5')C)(«) = 



xgG. 



(e(L(|^'))C)(«) = (e(«E.^')C)(«) = 0-(^)*/(^')Q(«) 



i,{x)i;{x)D-^i^{x)^{s{x))d'k"{x). □ 
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The second main result of this subsection shows how one can construct a Haar 
weight on {{Av)[j ,Av) from a cofixed element for V. 

Theorem 5.20. Let V be a proper regular C* -pseudo-multiplicative unitary. Then 
there exists a normal bounded left Haar weight ^ for ((Av)/^ , Ay). 

Proof. Choose G Cofix(y) with ^g^o — id^^. By Proposition 13.111 and Remark l5.12l 

i), [^SAy^o] = [^5Pa(*B^)AvPa(<B^)^o] C [p*Avp] C Hence, we can define a com- 
pletely positive map (|): Ay — > by a i-^ ^qA^o, and (|) e ^^(^^(Av). For all a £ Ay, 
(id*(^)(Av(fl)) = (^o|2V* (id ®fl)y 1^0)2 = (^o|2(id®fl)|^o)2 = Pa&t,o) . □ 

b b 

As an example, we again consider the unitary associated to a groupoid. 

Proposition 5.21. Let G be a locally compact, Hausdorff second countable groupoid 
and let V : H-s®aH Ha,®RH be the associated C* -pseudo-multiplicative unitary. 

i) Let G be proper Then V is proper, Ay = Co(G), and the map (|): Ay Co(G*') 
given by ((|)(/))(m) — J(j„ f{x)dX"(x) is a nonnal bounded left Haar weight for 

ii) Let G be etale. Then V^^ is proper and there exists a normal bounded left and 
right Haar weight (Sf for ((Ay)j^ ,Av) given by L{f) h-s- f\f^ for all f G Q(G). 

Proof. This follows from Theorem l5 .201 and similar calculations as in l5.19l □ 
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